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Abstract
The general structure of the conformal boundary I + of asymptotically de Sitter
spacetimes is investigated. First we show that Penrose’s quasi-local mass, associated
with a cut S of the conformal boundary, can be zero even in the presence of outgoing
gravitational radiation. On the other hand, following a Witten–type spinorial proof,
we show that an analogous expression based on the Nester–Witten form is finite only
if the Witten spinor field solves the 2-surface twistor equation on S, and it yields a
positive functional on the 2-surface twistor space on S, provided the matter fields
satisfy the dominant energy condition. Moreover, this functional is vanishing if and
only if the domain of dependence of the spacelike hypersurface which intersects I +
in the cut S is locally isometric to the de Sitter spacetime. For non-contorted cuts
this functional yields an invariant analogous to the Bondi mass.
1 Introduction
The simplest explanation of the root of the deviation of the observed red shift vs. lumi-
nosity diagram of distant type Ia supernovae from the expected one is probably the strict
positivity of the cosmological constant [1, 2, 3]. Thus the history of our observed universe
should be modeled by asymptotically de Sitter spacetimes, and hence a systematic study
of these spacetimes, e.g. their asymptotic properties, is physically justified. The confor-
mally cyclic cosmological model (or shortly CCC model) of Penrose [3] is based on the
positivity of the cosmological constant. In this model the crossover hypersurface is just
the (spacelike) future timelike infinity of the previous aeon and the big bang singularity
of the present aeon.
In the study of asymptotic properties of spacetime one of the most important questions
is that of the ‘conserved’ quantities, e.g. the energy-momentum. In asymptotically
flat or asymptotically anti-de Sitter spacetimes the ‘total’ energy-momentum is thought
of as associated with a localized gravitating source at an arbitrary but finite instant,
represented by a spacelike hypersurface in the spacetime (or, rather, by a ‘cut’ of the
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null or timelike conformal boundary, respectively, at finite retarded time). This may be
strictly conserved and total (like the ADM energy-momentum [4]), or may change in time
but still be total (like the total mass associated with closed Cauchy surfaces in closed
universes [9, 10]), or may change in time and be associated only with an (infinite) portion
of spacetime (like the Bondi–Sachs [5, 6, 7] energy-momentum at the future null infinity,
or the Abbott–Deser [8] energy-momentum at the conformal boundary of asymptotically
anti de Sitter spacetime, which are changing from cut to cut in the presence of outgoing
radiation or of in- or outgoing radiation, respectively). However, the analogous ‘total’
energy-momentum in asymptotically de Sitter spacetimes would be associated with the
spacelike future conformal boundary (or a part of this boundary), and hence it would be
interpreted as being associated with the asymptotic final state of the universe (or a part
of it). Though it would not have any dynamical content (in contrast to the total mass
of closed universes, the Bondi–Sachs or the Abbott–Deser energy-momenta), it could
provide a good control on the spacetime geomery near the conformal boundary.
The idea of the energy-momentum associated with a cut of the future conformal
boundary has already been raised by Penrose [11], where two potentially viable strategies
were also discussed. One of these approaches is based on the charge integral of the
curvature and the use of twistorial methods, and the second is analogous to the ideas
behind the Bondi–Sachs energy-momentum. (The asymptotic properties of the spacetime
geometry, including the ‘conserved’ quantities, are already well known when the spacetime
is asymptotically flat [12], and also when the cosmological constant is negative [12, 14, 15].
For an analogous recent investigation in the presence of a positive cosmological constant,
see [16]. For a different concept of ‘total’ mass in the presence of a positive Λ, see [8],
which mass can, however, be negative [17, 18, 19, 20]. The second strategy of Penrose
was also discussed in a nutshell by Frauendiener [21]. The conserved quantities of the
linearized theory on de Sitter background are discussed in [22].)
In the present paper we investigate the general structure of the conformal boundary,
and the notion of ‘total’ energy-momentum associated with a cut of the future conformal
boundary and based both on the charge integral of the curvature and of the Nester–
Witten 2-form, too. We refine (and at certain points improve) the previous analyses of
the general structure of the conformal boundary itself, construct a coordinate system
and complex null tetrad (that are analogous to the Bondi and Newman–Penrose ones,
respectively, near the null infinity of asymptotically flat spacetimes), and determine the
asymptotic geometry of the smooth spacelike hypersurfaces that extend to the (spacelike)
conformal boundary. These provide the technical background for the investigation of the
energy-momentum. We show that the construction for the energy-momentum based on
the charge integral of the curvature and the use of the 2-surface twistors does not have
the rigidity property: It may be vanishing even for non-trivial spacetime configurations,
e.g. in vacuum spacetimes with non-vanishing rescaled conformal electric curvature (rep-
resenting for example pure outgoing gravitational radiation). Hence it does not seem to
provide an appropriate measure of the ‘strength’ of the gravitational ‘field’.
On the other hand, we show that the expression based on the Nester–Witten 2-
form has the positivity and rigidity properties: Following a Witten-type argument on a
spacelike hypersurface Σ that intersects the future conformal boundary in a spacelike cut
S, the integral of the Nester–Witten 2-form on S defines a non-negative functional on
the space of the boundary values for the Dirac spinor solution of the Witten equation on
Σ, provided the matter fields satisfy the dominant energy condition; and this functional
is vanishing if and only if the domain of dependence of Σ is locally isometric to the de
2
Sitter spacetime. Interestingly enough, we may not impose any boundary condition for
the Witten spinors at the cut by hand. All the boundary conditions are determined by the
Witten equation itself and the requirement of the finiteness of the resulting functional; and
the boundary condition is that the spinor field on the cut must solve the 2-surface twistor
equation of Penrose. On the other hand, the interpretation of the resulting (positive
definite) functional is not trivial: What we could consider to be the energy-momentum 4-
vector is only a part of a bigger multiplet of quantities which are ‘mixed’ by the symmetry
group of the 2-surface twistor space. Energy-momentum, or at least mass, could be
defined in an invariant way only in the presence of extra structures on the 2-surface
twistor space. In particular, if the cut is non-contorted (e.g. when the whole conformal
boundary is intrinsically locally conformally flat), then a positive measure of the strength
of the gravitational ‘field’, which could be interpreted as mass, is found whose vanishing
is equivalent to the local de Sitter nature of the domain of dependence of the hypersurface
Σ above.
In the proof of the existence of solutions of the Witten equation we use functional
analytic techniques. It turns out that, on asymptotically hyperboloidal hypersurfaces,
the solutions of the Witten equations and their derivatives fall off with the same rate.
Thus, the weighted Sobolev spaces do not seem to be the appropriate function spaces,
and the classical Sobolev spaces with an overall weight function in front of the volume
element should be used. The necessary technical details are also developed here.
The structure of the paper follows the logic above: In section 2 we discuss the struc-
ture of the conformal boundary, section 3 is devoted to the discussion of the properties
of an expression based on the integral of the curvature on the cut. Then, in section 4, we
consider the expression based on the Nester–Witten 2-form, prove the positivity and rigid-
ity properties, and introduce the mass on non-contorted cuts. The Appendix is devoted
to the introduction of the functional analytic tools and statements needed in the proof
of the existence and uniqueness of solutions of the Witten equation on asymptotically
hyperboloidal hypersurfaces.
We use the abstract index formalism and the sign conventions of [12]. In particular,
the signature of the spacetime metric is (+,−,−,−), and the Riemann tensor is defined
according to −RabcdXbV cW d := V c∇c(W d∇dXa)−W c∇c(V d∇dXa)− [V,W ]c∇cXa for
any vector fields Xa, V a and W a. Thus, Einstein’s equations take the form Gab :=
Rab− 12Rgab = −κTab−Λgab, where κ := 8πG and G is Newton’s gravitational constant,
and Λ > 0.
2 The general framework
2.1 The conformal boundary of spacetimes with positive Λ
Let the physical spacetime be denoted by (Mˆ, gˆab), which is assumed to admit a nontrivial
smooth conformal completion (M, gab,Ω); i.e. there exist a manifold M with nonempty
boundary ∂M , a Lorentzian metric gab on M and a function Ω : M → [0,∞), all of them
smooth, such that
(i) M − ∂M is diffeomorphic to (and hence identified with) Mˆ ;
(ii) gab = Ω
2gˆab on Mˆ ;
(iii) the boundary is just ∂M = {Ω = 0}, and ∇aΩ is nowhere vanishing on ∂M ;
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(iv) gˆab solves Einstein’s equations Rˆab− 12Rˆgˆab = −κTˆab−Λgˆab with positive cosmolog-
ical constant Λ and energy-momentum tensor Tˆab satisfying the dominant energy
condition;
(v) the physical energy-momentum tensor satisfies the fall-off condition Tˆ ab = Ω
3T ab,
where T ab is some smooth tensor field on M .
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It is known [12] that (∇eΩ)(∇eΩ) ≈ Λ/3, where ≈ means ‘equal at the points of ∂M ’.
Thus the positivity of Λ is equivalent to the spacelike nature of ∂M , and we denote
by I + the part of ∂M whose points are future endpoints of inextensible non-spacelike
curves in Mˆ . (In the CCC model such a boundary hypersurface represents the crossover
hypersurface between two successive aeons.) The hat on quantities and objects is referring
to the physical spacetime, while the unhatted ones are in the unphysical (M, gab). (See
e.g. [16], or for the analogous definition in the Λ < 0 case, see [14].)
A number of facts follow from this definition. In particular,
(1) Cˆabcd = C
a
bcd ≈ 0, i.e. the Weyl tensors are vanishing on I + [12];
(2) there is a conformal factor Ω such that the extrinsic curvature χab and the accelera-
tion ae of I
+ in (M, gab) are vanishing (‘conformal Bondi gauge’). The remaining
conformal gauge freedom is gab 7→ ω2gab, where ω = ω0 + Ω2Θ is a strictly positive
function on M in which Θ is arbitrary on M , ω0 is arbitrary but positive on I
+
and is constant along its normals (at least in a neighbourhood of I +). Thus we
can still rescale the intrinsic induced metric of I + freely [12];
(3) if Na denotes the future pointing, gab–unit normal to the Ω = const hypersurfaces
(denoted henceforth by HΩ), and P ab := δab − NaNb, the gab–orthogonal projection
to HΩ, then the part P ab Tˆ bcN c of the physical energy-momentum tensor tends to
zero in the Ω→ 0 limit faster than Ω3, i.e. with Ω4 [14].
However, the analysis behind these results can be refined further, yielding a slightly
more detailed characterization of the structure of the conformal boundary and minor
corrections of previous results. In particular, the same general formulae from which the
faster fall-off P ab Tˆ
b
cN
c = O(Ω4) was derived in [14] imply that P ab Tˆ
b
cP
c
d = O(Ω
4) also
holds; or that the divergence equation (10) of [14] for the electric part of the rescaled
Weyl tensor should be corrected. Thus, in the next subsection, a more detailed discussion
of the structure of the conformal boundary will be given.
2.2 The structure of the conformal boundary
2.2.1 Consequences of Einstein’s equations
By Einstein’s equations, the assumption on the asymptotic form of the physical energy-
momentum tensor and the conformal rescaling formulae, the Einstein tensor of the un-
physical spacetime is
1It might be worth noting that this fall-off condition is stronger than is needed to retain the smoothness
of the conformal boundary (cf. [13]).
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Rab− 1
2
Rgab = Rˆab − 1
2
Rˆgˆab + 2Ω
−1(∇a∇bΩ− gab∇c∇cΩ)+ 3Ω−2gab(∇cΩ)(∇cΩ)
=−κΩTab + Ω−2gab
(
3
(∇cΩ)(∇cΩ)− Λ
)
+ 2Ω−1
(∇a∇bΩ− gab∇c∇cΩ). (2.1)
Multiplying by Ω2 and evaluating at Ω = 0, and multiplying by Ω, taking the trace and
evaluating at Ω = 0, respectively, we obtain that 3(∇cΩ)(∇cΩ) ≈ Λ and 4∇a∇bΩ ≈
gab(∇c∇cΩ) (see also [12]). Thus, smoothness of the extension implies that there exist a
smooth function φ and a tensor field Ψab on M such that
(∇cΩ)(∇cΩ) = 1
3
Λ + Ωφ, ∇a∇bΩ = 1
4
gab
(∇c∇cΩ)+ ΩΨab. (2.2)
Taking the trace of the second we find that Ψabg
ab = 0. It is known (see e.g. [12]) that
the conformal factor can always be chosen such that ∇c∇cΩ ≈ 0 (the ‘Bondi conformal
gauge’), i.e. ∇c∇cΩ = ΩΨ for some smooth Ψ on M . In the rest of the present paper we
assume that Ω is such a conformal factor. Hence
∇a∇bΩ = Ω
(1
4
gabΨ+Ψab
)
. (2.3)
Substituting the first of (2.2) and (2.3) into (2.1) we obtain
Rab − 1
2
Rgab = −κΩTab + 2Ψab − 3
2
Ψgab + 3Ω
−1φgab.
Multiplying by Ω and evaluating at Ω = 0, we obtain that φ ≈ 0, i.e.
(∇aΩ)(∇aΩ) = 1
3
Λ + Ω2Φ (2.4)
for some smooth function Φ on M .
However, Ψab, Ψ and Φ are not independent. To see this, let us define the lapse N of
the foliation by the level sets HΩ of Ω by 1 =: −NNa∇aΩ, by means of which the future
pointing unit normal of the leaves is Na = −Ngab∇bΩ and N = 1/|∇cΩ| ≈
√
3/Λ (by
(2.4)). (Since Ω is decreasing in the future direction and we want the lapse to be positive,
it should be defined with the minus sign.) For later use, we need the acceleration of the
leaves HΩ. By the definition of the lapse and (2.4) this is
ae := N
a∇aNe = −De(lnN) = 1
2
N2De
1
N2
=
1
2
Ω2N2DeΦ, (2.5)
where De denotes the intrinsic Levi-Civita derivative operator on HΩ determined by the
induced (negative definite) metric hab := P
c
aP
d
b gcd. Also, we can calculate the extrinsic
curvature and its trace:
χab := P
c
aP
d
b∇cNd = −ΩN
(
P caP
d
b Ψcd +
1
4
Ψhab
)
, (2.6)
χ := χabh
ab = −ΩN(habΨab + 3
4
Ψ
)
. (2.7)
Note that 0 = Ψabg
ab = Ψabh
ab + ΨabN
aN b. In particular, (2.6) shows that I + is
extrinsically flat. On the other hand, by (2.3) and (2.4), we can calculate the mean
curvature χ in an alternative way:
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ΩΨ = ∇a∇aΩ = ∇a
(− 1
N
Na
)
= − 1
N
χ− 1
2
NNa∇a 1
N2
= − 1
N
χ + ΩΦ− 1
2
Ω2NNa∇aΦ,
from which
χ = −ΩN(Ψ− Φ)− 1
2
Ω2N2Na∇aΦ
follows. Comparing this with (2.7) we see that
1
4
Ψ = habΨab + Φ− 1
2
ΩNNa∇aΦ ≈ habΨab + Φ. (2.8)
Thus, Ψ is determined by Φ and the three-dimensional trace of Ψab, and, in particular,
on I +, it is an algebraic expression of them.
Substituting (2.3) and (2.4) into (2.1) and taking into account (2.8) we obtain
Rab − 1
2
Rgab = −Ω
(
κTab + 3gabNN
c∇cΦ
)
+ 2Ψab − 6gabhcdΨcd − 3Φgab. (2.9)
On the other hand, it is known (e.g. from the initial value formulation of general relativ-
ity), that the various 3+1 pieces of the (unphysical) Einstein tensor are
N cNd
(
Rcd− 1
2
Rgcd
)
= −1
2
(R+ χ2 − χcdχcd), (2.10)
P caN
d
(
Rcd− 1
2
Rgcd
)
= −Db
(
χba − χδba
)
, (2.11)
P caP
d
b
(
Rcd− 1
2
Rgcd
)
= Rab − 1
2
hab
(R+ χ2 − χcdχcd)+ (£Nχcd)P caP db + χχab
− 2χacχcb + 1
N
DaDbN − hab
(
hcd£Nχcd − χcdχcd + 1
N
DcD
cN
)
. (2.12)
Here Rab is the Ricci tensor and R the intrinsic scalar curvature of Da, and £N denotes
Lie derivative along the unit normal vector field Na. Comparing the various 3+1 parts
of (2.9) with (2.10), (2.11) and (2.12), respectively, and using the definitions, equations
(2.6)-(2.8) and the fact ΨabN
aN b = −habΨab, we find
R ≈ 16habΨab + 6Φ, (2.13)
P caN
dΨcd ≈ 0, (2.14)
Rab ≈ P caP db Ψcd + 5habhcdΨcd + 2Φhab. (2.15)
Comparing (2.15) with (2.6), by (2.8) we obtain that
√
3
Λ
lim
Ω→0
(
Ω−1χab
) ≈ −(Rab − 1
4
Rhab
)− 1
2
Φhab. (2.16)
Note that the first term on the right is just the Schouten tensor of the (three dimensional)
Riemannian geometry (I +, hab).
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2.2.2 Consequences of the Bianchi identity
By Einstein’s equations and the assumption on the asymptotic form of the physical
energy-momentum tensor, the Schouten tensor of the (four dimensional) physical space-
time is
Sˆab := −
(
Rˆab − 1
6
Rˆgˆab
)
= κΩ
(
Tab − 1
3
Tgab
)− 1
3
Ω−2Λgab. (2.17)
Hence, by the definition of the Weyl tensor and the conformal rescaling formulae, the
contracted Bianchi identity for the physical curvature tensor yields
0= ∇ˆaCˆabcd + 1
2
(∇ˆcSˆdb − ∇ˆdSˆcb) (2.18)
=∇aCabcd − Ω−1
(∇aΩ)Cabcd + 1
2
κΩ
(∇cTdb −∇dTcb)− 1
6
κΩ
(
gbd∇cT − gbc∇dT
)
−κ(Tbc∇dΩ− Tbd∇cΩ)− 1
2
κ
(
gbcTd
e − gbdTce
)∇eΩ + 1
2
κT
(
gbc∇dΩ− gbd∇cΩ
)
.
Multiplying this equation by Ω and evaluating it at Ω = 0, we obtain (∇aΩ)Cabcd ≈ 0,
which is known to imply Cabcd ≈ 0 [12]. Thus we can write Cabcd = ΩKabcd for some
smooth tensor field Kabcd on M . Substituting this form of the non-physical Weyl tensor
back into (2.18), we obtain
2Ω∇aKabcd=κΩ
(∇dTcb −∇cTdb)+ 1
3
κΩ
(
gbd∇cT − gbc∇dT
)
(2.19)
+2κ
(
Tbc∇dΩ− Tbd∇cΩ
)
+ κ
(
gbcTd
e − gbdTce
)∇eΩ + κT (gbd∇cΩ− gbc∇dΩ).
Evaluating this at Ω = 0 and then contracting with N b and P baN
c, respectively, we obtain
TbcP
b
aN
c ≈ 0, TcdP caP db ≈ 0. (2.20)
The first of these has already been derived in [14] (in the presence of a negative cos-
mological constant). Therefore, the asymptotic form of the various 3+1 pieces of Tab
is
TabN
aN b = ν + Ωµ, TbcP
b
aN
c = ΩJa, TcdP
c
aP
d
b = ΩΣab, (2.21)
for some smooth ν, µ, Ja and Σab on M . However, these quantities are not quite in-
dependent, because they should satisfy the local conservation law ∇ˆaTˆ ab = 0. Next we
evaluate the consequences of this restriction.
By the conformal rescaling formulae and the asymptotic form of the energy-momentum
tensor we have that
0 = Ω−2∇ˆaTˆ ab = Ω∇aT ab −∇aΩ
(
T ab − Tδab
)
. (2.22)
(It might be worth noting that the contraction of this equation with NP bc and NN
b,
respectively, yields TabN
aP bc ≈ 0 and Tabhab ≈ 0. The former is just the first of (2.20),
but the latter is only the trace of the second.) Then substituting (2.21) into (2.22) and
contracting with N b and P bc , respectively, and evaluating the resulting equations on I
+,
we obtain
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µ+ Σabh
ab ≈
√
3/ΛNa∇aν,
√
3/ΛDbΣba ≈ −
(
£NJb
)
P ba , (2.23)
where, by (2.5), we used DaN = O(Ω
2). Thus, if ν were constant in time at I + (e.g.
when the whole physical energy-momentum tensor fell off as Ω4T ab, in which case ν itself
would be zero), then by the first of (2.23) the Ω4 order part of the physical energy-
momentum tensor Tˆ ab would be asymptotically trace-free.
Taking into account (2.21), equation (2.19) can be rewritten into the form
2∇aKabcd=κ
(∇dTcb −∇cTdb)+ 1
3
κ
(
gbd∇cT − gbc∇dT
)
+ κ
1
N
(
Nb
(
JdNc − JcNd
)
+
(
hbdJc − hbcJd
)
+ 2
(
ΣbdNc − ΣbcNd
)− Σefhef(hbdNc − hbcNd)
)
. (2.24)
Recalling that the electric and magnetic parts of the rescaled Weyl tensor Kabcd are
defined by Eab := KacbdN cNd and Bab := 12Kacefεef bdN cNd, respectively, from (2.24) we
obtain that
DaEab=P ea∇e
(
KacfdN
cNd
)
P fb =
(∇aKacfd)N cNdP fb −NaKacdfχcdP fb
=−κ
N
Jb − 1
3
κDbν − 1
2
κ
N
νDbN −NaKacdfχcdP fb +
1
2
κΩ
(
−µ(Db lnN)
+
(
Da lnN
)
Σab − 2
3
Dbµ+ 2J
aχab +
1
3
(
DbΣcd
)
hcd +Na
(∇aJc)P cb
)
≈−κ
√
Λ/3Jb − 1
3
κDbν (2.25)
and
DaBab=P ha∇h
(1
2
Kaecdε
cd
gfN
eNf
)
P gb
=
1
2
(∇aKaecd)εcdbfN eNf − 1
2
Kaecdε
cd
fgχ
afN eP gb −
(
Da lnN
)Bab (2.26)
=
1
2
κΩ
(
χc
eΣed −DcJd
)
εcdafN
f +
1
2
NaχcdKacefε
ef
daP
a
b −
(
Da lnN
)Bab ≈ 0,
where we used that DbN ≈ 0 and χcd ≈ 0. (2.25) shows that, in addition to Jb, the
gradient of the slow fall-off (i.e. Ω3 order) part ν of the energy density also contributes
to the divergence of the electric part of the rescaled Weyl curvature. An analogous term
on the right hand side of equation (10) of [14] should also be present.
Finally, by the definition of the Weyl tensor, equations (2.10)-(2.12) and the analogous
decomposition of the Riemann tensor,
RefghP
e
aP
f
b P
g
c P
h
d =Rabcd + χacχbd − χadχbc, (2.27)
RefghN
eP fb P
g
c P
h
d =Dcχdb −Ddχcb, (2.28)
RefghN
eNgP fb P
h
d =P
a
b P
c
d
(
£Nχac
)− χbeχed −Dbad + abad, (2.29)
and of the scalar curvature,
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R = R+ 2hab(£Nχab)+ χ2 − 3χabχab + 1
N
DaD
aN, (2.30)
we can determine the explicit form of the electric and magnetic parts of the Weyl tensor
themselves, Eab := CacbdN
cNd and Bab :=
1
2
Cacefε
ef
bdN
cNd, respectively. We obtain
Eab=
1
2
(
P caP
d
b
(
£Nχcd
)−Rab − χχab + 1
N
DaDbN
−1
3
hab
(
hcd£Nχcd −R− χ2 + 1
N
DcD
cN
))
, (2.31)
Bab=
(
Dcχd(a
)
εcdb), (2.32)
where εabc := N
eεeabc is the induced volume 3-form on HΩ. In the rest of the paper, we
need the explicit form of Bab = Ω−1Bab at I + only, for which, by (2.16), we obtain
√
3
Λ
Bab ≈ Dc
(−Rd(a + 1
4
Rhd(a
)
εcdb) =: Yab, (2.33)
where Yab is known as the Cotton–York tensor: Its vanishing is known to be equivalent
to the local conformal flatness of (I +, hab).
If the physical energy-momentum tensor Tˆ ab falls off purely at order Ω
3, then by
(2.21) this matter is a dust, and by the first of (2.23) the rescaled energy density ν =
Ω−3TˆabNˆaNˆ b is asymptotically constant. In particular, in the dust filled FRW spacetime
with positive Λ this ν is just the conserved first integral of one of the two Friedman
equations.
On the other hand, if Tˆ ab = Ω
4T ab (i.e. there is no Ω
3 order term in Tˆ ab), then by
the first of (2.23) Tˆ ab is asymptotically trace-free, which is a characteristic property of
conformally invariant (e.g. Maxwell or Yang–Mills) fields. For example, in the radia-
tion filled FRW spacetime with positive Λ theenergy-momentum tensor is trace-free, the
energy density and isotropicpressure with respect to Nˆa fall off as Ω4, and the momentum-
density Ja is vanishing, being compatible with the homogeneity of theisotropic pressure
and the energy density, just according to the second of (2.23). Thus, the existence of a
(spacelike) I + restricts the form of the matter fields near I +.
3 On the Penrose mass at I +
If S is a closed, orientable spacelike 2-surface in Mˆ , then for any smooth symmetric spinor
field ωAB we can form the integral of the complex 2-form ωABRˆABcd on S, where RˆABcd
is the anti-self-dual part of the physical spacetime curvature tensor. However, even in
the de Sitter spacetime this integral diverges if we allow the 2-surface to tend to a cut of
I +. Therefore, to get finite value, it seems reasonable to use in the charge integral the
‘renormalized’ curvature
R˜ABcd := RˆABcd − 1
3
ΛεA(CεD)BεC′D′ , (3.1)
rather than RˆABcd. (Clearly, R˜ABcd is the anti-self-dual part of the renormalized curvature
tensor R˜abcd := Rˆabcd − 13Λ(gˆacgˆbd − gˆadgˆbc).) Then by the definition of Kabcd and the
Weyl tensor, Einstein’s equation and the conformal rescaling formulae, the corresponding
complex 2-form is
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ωABR˜ABcd=−1
2
ωABεˆA
′B′
(
Rˆabcd − 1
3
Λ
(
gˆacgˆbd − gˆadgˆbc
))
=−1
2
ωABεˆA
′B′
(
Cˆabcd − κ
(
gˆacTˆbd − gˆadTˆbc
)
+
2
3
κTˆ gˆacgˆbd
)
=−1
2
ωABεA
′B′
(
Kabcd − κ
(
gacTbd − gadTbc
)
+
2
3
κTgacgbd
)
.
Thus the cosmological constant has, in fact, been canceled, and the expression on the
right is well defined and has a finite integral on any closed spacelike 2-surface in M , even
on a cut of I +.
Hence, let S be a closed orientable 2-surface in I +, and denote its outward pointing
gab-unit normal in I
+ by V a. Then, by the fall-off properties (2.21) of the various pieces
of Tab and the definition of Eab and Bab, we obtain
A˜
[
ωAB
]
:=
i
κ
∮
S
ωABR˜ABcd
= − i
κ
∮
S
ωABεA
′B′
((
NaBbc −NbBac
)
V c + εabc
(1
3
κνV c + E cdV d
))
dS. (3.2)
Therefore, a general charge integral of the curvature is built from Eab, Bab and the slow
fall-off (i.e. Ω3 order) part ν of the energy density.
If D ⊂ I + is an open domain with compact closure such that ∂D = S and the spinor
field ωAB is well defined on D, then, by equations (2.25) and (2.26), the charge integral
A˜[ωAB] can be rewritten as a 3-surface integral on D. In fact, if
Qab :=
1
2
εabcdω
CDεC
′D′ = −iωABεA′B′ ,
then
A˜
[
ωAB
]
=
2i
κ
∫
D
{
DeQab
(
Na
(1
3
κνhbe + E be)− εabcBce
)
− κ
√
Λ
3
QabN
aJ b
}
dH0. (3.3)
Here dH0 is the induced volume element on I +, and we extended the action of the
intrinsic derivative operator De from purely spatial tensors to arbitrary ones on I
+ by
DeN
a = 0.
It is known that on a spacelike hypersurface that can be embedded with its first
and second fundamental forms into some conformal Minkowski spacetimes the 3-surface
twistor equation admits four (i.e. maximal number of) linearly independent solutions [23].
In particular, since I + is extrinsically flat, this embeddability is equivalent to the local
conformal flatness of (I +, hab). Thus, in the special case when its Cotton–York tensor is
vanishing, Yab = 0, the (already Riemannian) 3-surface twistor equation, D(ABλC) = 0,
admits four linearly independent solutions. Here DAB :=
√
2NB
A′DAA′ = D(AB) is the
unitary spinor form of the intrinsic Levi-Civita derivative operator. These solutions are
globally defined onD ifD is homeomorphic to the 3-ball. Then, a direct calculation shows
that NaQab is a (complex) conformal Killing field on D if ωAB is a linear combination
of symmetrized products λ(AµB) of solutions of the 3-surface twistor equation. (The
result that NaQab is a conformal Killing vector was proven in the Λ < 0 case by Kelly
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[15] by considering the conformal boundary to be embedded in a conformal Minkowski
spacetime as a hyperplane and using the solutions of the 1-valence twistor equation of
that spacetime.)
Since, however, Bab =
√
Λ/3Yab on I
+, by (3.3) for such spinor fields it is only ν
and Ja that contribute to the integral even if Eab 6= 0. In particular, for the Maxwell (or
Yang–Mills) field it is only Ja that contributes to A˜[λ(AµB)] but its energy density does
not; while in vacuum A˜[λ(AµB)] is zero even if Eab 6= 0. For example, in vacuum spacetimes
with metric of Starobinskii form [24] and intrinsically conformally flat I + the electric
part of the rescaled Weyl tensor is not zero, but the charge integral with spinor fields
solving the 3-surface twistor equation on a contractible D is vanishing. Such an exact
solution is the vacuum Kasner solution with positive Λ (see [25], Sect. 13.3.3).
It is known that if λA is a solution of the 3-surface twistor equation on a spacelike
hypersurface, then its restriction to a 2-surface in this hypersurface solves the 2-surface
twistor equation [23]. Thus by the general results above, when (I +, hab) is intrinsically
locally conformally flat, the matter field is conformally invariant and its local energy
flow is vanishing asymptotically (i.e. Ja ≈ 0), then the Penrose mass is zero even if the
rescaled conformal electric curvature Eab is not. Therefore, the kinematical twistor (and,
in particular, the Penrose mass) does not have the rigidity property: Its vanishing does
not imply the triviality of the spacetime geometry, i.e. actually that the past domain of
dependence of D is (locally) isometric to the de Sitter spacetime.
4 Energy-momentum based on the Nester–Witten form
Another strategy to associate energy-momentum to 2-surfaces in I + might be based
on the use of the integral of the Nester–Witten 2-form. In fact, this formalism was
successfully used to give a unified spinorial reformulation of the ADM and Bondi–Sachs
energy-momenta in asymptotically flat spacetimes [26], and of the Abbott–Deser energy
in asymptotically anti-de Sitter spacetimes [27]. Moreover, probably the simplest proof of
the positivity of these energies is given in this formalism. Therefore, it seems natural to try
to introduce energy-momentum in this manner in the presence of a positive cosmological
constant, too.
4.1 The Nester–Witten form and the Sen–Witten identity
In the present subsection we work exclusively in the physical spacetime, but, for the sake
of simplicity, in this subsection, we leave the ‘hats’ off of the quantities and objects.
Let Σ be a spacelike hypersurface inM which extends to a hypersurface-with-boundary
in the unphysical spacetime intersecting I + in a smooth 2-surface homeomorphic to S2
(a cut). Let ta denote its future pointing gab-unit timelike normal, P
a
b := δ
a
b − tatb is the
gab-orthogonal projection to Σ and hab := P
c
aP
d
b gcd is the induced metric. (Although we
use the same symbols P ab and hab, and χab below for the extrinsic curvature, they should
not be confused with those introduced on the Ω = const hypersurfaces in section 2.)
For any pair λA, µA of spinor fields the general Nester–Witten form is defined by
u
(
λ, µ¯
)
ab
:=
i
2
(
µ¯A′∇BB′λA − µ¯B′∇AA′λB
)
. (4.1)
Then the components of the energy-momentum 4-vector associated with a closed ori-
entable 2-surface S, which in the present case is the cut of the conformal boundary, will
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be defined by its integral,
H
[
λ, µ¯
]
:=
2
κ
∮
S
u
(
λ, µ¯
)
cd
, (4.2)
for spinor fields λA and µA belonging to some appropriately chosen two dimensional
subspace SA ⊂ C∞(S, SA) of the infinite dimensional space of the smooth spinor fields
on S. Thus, the boldface index is referring to this (still not specified) two dimensional
space of spinor fields. Since a basis in this space is a pair of spinor fields, λAA = (λ
A
0 , λ
A
1 ),
the boldface index can also be considered as a name index, too, taking numerical values:
A = 0, 1. It is a simple calculation to show that this integral, as a bilinear map H :
SA× S¯A′ → C, is Hermitian in the sense that H [λ, µ¯] = H [µ, λ¯] for any λA, µA ∈ SA, and
overline denotes complex conjugation. However, by the so-called polarization formula,
H
[
λ, µ¯
]
=
1
2
(
H
[
λ+µ, λ+ µ
]
+iH
[
λ+iµ, λ+ iµ
]−(1+i)H[λ, λ¯]−(1+i)H[µ, µ¯]), (4.3)
the bilinear form H [λ, µ¯] is completely determined by the quadratic form H [α, α¯] on SA.
Moreover, it would be enough to prove H [α, α¯] ≥ 0 for any αA ∈ SA, because this would
already imply that H as a Hermitian bilinear form is positive.
The standard Witten-type spinorial proof of the positivity of the total energy is based
on the integrated form of the Sen–Witten identity on a spacelike hypersurface Σ whose
boundary ∂Σ at infinity is the 2-surface S in question (see e.g. [28]):
∮
∂Σ
u(α, α¯)cd =
∫
Σ
B(α)dΣ,
where αA is defined on Σ and
B(α) := −2tAA′(DA′BαB)(DAB′α¯B′)− hef tAA′(DeαA)(Df α¯A′)− 1
2
taGaBB′α
Bα¯B
′
.
Here Da := P ba∇b is the derivative operator of the so-called Sen connection, and, in terms
of the intrinsic Levi-Civita derivative operator De and the extrinsic curvature χab, its
action on the spinor field αA is given by DeαA = DeαA − χeAA′tA′BαB. However, by
Einstein’s equations in the presence of a cosmological constant the last term on the right
contains 1
2
ΛtAA′α
Aα¯A
′
, whose integral on an infinite Σ is a priori diverging for spinor
fields for which tAA′α
Aα¯A
′
does not fall off appropriately (e.g. when the spinor fields tend
to a nonzero asymptotic value), independently of the fall-off properties of the matter
fields. Therefore, we must ‘renormalize’ the derivative operators in our integrals.
Thus, following [27], for any pair (αA, β¯A′) of spinor fields (or, equivalently, a Dirac
spinor Ψα with Weyl spinor constituents αA and β¯A
′
and with α = A⊕A′) we define the
renormalized spacetime connection by
∇˜AA′αB := ∇AA′αB +KεABβ¯A′ , ∇˜AA′ β¯B′ := ∇AA′β¯B′ + K˜εA′B′αA, (4.4)
for some complex constants K and K˜. It is a straightforward calculation to show that
the curvature of ∇˜e, acting on the bundle of Dirac spinors, is just the direct sum of
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R˜ABcd, given by (3.1), and its complex conjugate
¯˜RA
′
B′cd precisely when 6KK˜ = −Λ.
The corresponding renormalized Sen connection on the spacelike hypersurface Σ is
D˜AA′αB := DAA′αB +KPDD′AA′ εDBβ¯D′ , D˜AA′β¯B′ := DAA′β¯B′ + K˜PDD
′
AA′ εD′B′αD. (4.5)
Denoting by tilde the quantities built from the renormalized connection (4.4), the Nester–
Witten form is
u(α, α¯)ab = u˜(α, α¯)ab + iKεABα¯(A′ β¯B′), u(β, β¯)ab = u˜(β, β¯)ab + i
¯˜KεABα¯(A′β¯B′). (4.6)
Note that here u˜(α, α¯)cd already depends on β¯A′, and u˜(β, β¯)cd on αA, too. Then, a
straightforward calculation yields that
∮
∂Σ
(
u˜(α, α¯)ab + u˜(β, β¯)ab
)
=
∫
Σ
(
B(α)+B(β) (4.7)
+3(K + ¯˜K)tAA
′
(
K˜αAα¯A′ + K¯βAβ¯A′
)
−2(K + ¯˜K)tAA′εB′D′(β¯A′D˜AB′α¯D′ + α¯A′D˜AB′ β¯D′)
)
dΣ,
where dΣ is the natural volume element on Σ, and B(α) +B(β) in terms of D˜e is
B(α) +B(β) =− tAA′hef((D˜eαA)(D˜f α¯A′) + (D˜eβA)(D˜f β¯A′))
+
1
2
κtaTab(α
Bα¯B
′
+ βBβ¯B
′
)
+
1
2
(Λ− 6KK¯)tAA′βAβ¯A′ + 1
2
(Λ− 6K˜ ¯˜K)tAA′αAα¯A′
− 2tAA′εBDεB′D′
((D˜A′BαD)(D˜AB′α¯D′)+ (D˜A′BβD)(D˜AB′ β¯D′)
)
+4
(
Kβ¯A′t
A′AεB
′D′
(D˜AB′α¯D′)+ K¯βAtAA′εBD(D˜A′BαD)
+K˜αAt
AA′εBD
(D˜A′BβD)+ ¯˜Kα¯A′tA′AεB′D′(D˜AB′ β¯D′)
)
, (4.8)
where we used Einstein’s equations.
Next, following [27], we require the spinor fields αA, βA on Σ to solve Witten’s gauge
condition (with still unspecified boundary conditions) with the renormalized connection:
εABD˜A′AαB = 0, εA′B′D˜AA′ β¯B′ = 0. (4.9)
In this gauge the last three lines of (4.8) and the third line of (4.7) are vanishing, and
hence the integral of the renormalized Nester–Witten forms is
∮
∂Σ
(
u˜(α, α¯)ab+ u˜(β, β¯)ab
)
=
∫
Σ
{
−tAA′hef((D˜eαA)(D˜f α¯A′) + (D˜eβA)(D˜f β¯A′))
+
1
2
κtaTab(α
Bα¯B
′
+ βBβ¯B
′
)
+
1
2
(Λ + 6K¯ ¯˜K)tAA′β
Aβ¯A
′
+
1
2
(Λ + 6KK˜)tAA′α
Aα¯A
′
}
dΣ. (4.10)
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To kill the last two (a priori diverging) terms of the integrand, we should require that
6KK˜ = −Λ, just the condition that we already obtained above. A particularly convenient
choice (that we make) is that K˜ = K and 6K2 = −Λ. Then, if the spinor fields solve
the renormalized Witten type gauge condition (4.9) and the matter fields satisfy the
dominant energy condition, then the integral of the renormalized Nester-Witten form is
non-negative, and not a priori diverging.
Since Λ is positive and henceK is imaginary, by (4.6) u(α, α¯)ab+u(β, β¯)ab = u˜(α, α¯)ab+
u˜(β, β¯)ab holds. Thus, under the same conditions, the left hand side of (4.10) would be
finite even if it were built from the ‘un-renormalized’ connection. We use this observation
in subsection 4.6.
Our aim is to find the boundary conditions for the spinor fields αA and βA on the
cut of the conformal boundary such that (i.) the renormalized Witten type gauge condi-
tions (4.9) admit a non-trivial solution on the spacelike hypersurface with the cut as its
boundary, and (ii.) the resulting integrals could be interpreted as the components of a
finite, real energy-momentum 4-vector, or at least could yield an invariant that could be
interpreted as the mass.
The finiteness of the energy-momentum 4-vector can be ensured by the requirement
that the integral of the various terms on the right hand side of (4.10) be finite. In
particular, we need to specify the fall-off properties of the physical energy-momentum
tensor, the induced metric and the extrinsic curvature on the hypersurface Σ. We carry
out these investigations in a coordinate system near the asymptotic end of Σ that is
analogous to the Bondi type coordinates in asymptotically flat spacetimes.
4.2 Bondi type coordinates near I +
Let S := Σ ∩ I + ≈ S2, the cut of the future conformal boundary defined by the hy-
persurface Σ, and let Su, u ∈ (−1, 1), be a foliation of a neighbourhood of S in I + by
smooth topological 2-spheres such that S0 = S and u is increasing in the inward direc-
tion. We define the lapse n of this foliation in the usual way by 1 =: −nV a∇au, where
V a, as in section 3, is the outward pointing unit normal of the surfaces Su; and introduce
the ‘evolution vector field’ by (∂/∂u)a := −nV a. Thus, in particular, its shift part will
be chosen to be vanishing. Let xµ = (x2, x3) be a local coordinate system on S0 ≈ S2
(e.g. the (ζ, ζ¯) complex stereographic or the (θ, φ) angle coordinates), and extend them
from S0 to the other surfaces of the foliation by V a∇axµ = 0. Thus we obtained a local
coordinate system (u, xµ) on a neighbourhood of S in I +. Since the shift part of the
evolution vector field was chosen to be vanishing, the metric induced from gab on the
conformal boundary I + (‘boundary metric’) takes the form db2 = −A2du2 + qµνdxµdxν ,
where A = A(u, xµ) is a strictly positive function and qµν = qµν(u, x
ρ) is negative definite.
The freedom in the definition of this coordinate system is to choose a different foliation
Su˜ in a neighbourhood of S, e.g. by the level sets of a new function u˜ := Hu, where H is
some strictly positive function on this neighbourhood, and to choose different coordinates
(x2, x3) on S.
Next we complete (u, xµ) to be a local coordinate system on a neighbourhood of the
‘asymptotic end’ of Σ in M . Thus, let us fix (u, xµ) and let Nu denote the past directed,
ingoing null hypersurface emanated from the 2-surface Su. In a neighbourhood of I +
this is smooth, generated by past directed ingoing null geodesics γ with future end points
on Su with coordinates xµ, and yields an extension of u from I + to a neighbourhood
of I + in M . Let us define la := gab∇bu, which is a future directed null normal of the
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hypersurfaces Nu and, by la∇alb = la∇bla = 0, it is a tangent of the affine parametrized
null geodesic generators γ. Let w denote the affine parameter measured from Su, and
hence we write la = −(∂/∂w)a. (Note that w is decreasing in the future direction.) Then
the coordinates of a point p in a neighbourhood of S0 in M are defined to be u, w and
xµ if p = γ(w) and the coordinates of the future end point of γ on I + are (u, xµ). The
resulting coordinate system (u, w, xµ) is analogous to that used to analyze asymptotically
flat spacetimes near their future null infinity (see e.g. [29]).
Since by the definitions I + = {Ω = 0} = {w = 0} holds and Ω is smooth, we can
write that Ω = aw+ bw2+O(w3) for some functions a and b on I +, where a is positive.
Substituting this expression into ∇a∇bΩ ≈ 0 (see equation (2.3)), we obtain
(∇aw)(∇ba)+ (∇aa)(∇bw)+ 2b(∇aw)(∇bw) ≈ 0.
Contracting this with (∂/∂w)a(∂/∂w)b and using that (∂/∂w)a is the tangent of affine
parametrized geodesics and that a does not depend on w, we find that b = 0.
However, it is only the conformal class of db2 that is physically determined. Thus
we can use the conformal gauge freedom gab 7→ ω2gab mentioned in subsection 2.1 with
ω = a−1 to yield Ω = w + O(w3). Hence, with this choice Ω is an asymptotic affine
parameter in the unphysical metric along the null geodesic generators γ even in the first
two orders. Thus, we have fixed the conformal factor on I +, i.e. the remaining conformal
gauge freedom is the rescaling of gab with conformal factors of the form 1 + Ω
2Θ. We
call this conformal gauge a special conformal Bondi gauge. In the rest of the paper we
assume that in our unphysical spacetime (M, gab,Ω) the conformal gauge is such a special
conformal Bondi gauge.
(Since the surfaces Su in I + are homeomorphic to 2-spheres, there exists a conformal
factor R = R(u, xρ) such that qµν(u, x
ρ) = R2(u, xρ)0qµν(u, x
ρ), where 0qµν(u, x
ρ) are the
components of the unit sphere metric on Su in the coordinates (x2, x3). However, note
that although 0qµνdx
µdxν is a unit sphere metric, its components 0qµν take some simple
special form, e.g. diag(−1,− sin2 θ) in the angle coordinates, only on a single surface,
e.g. on S0. In fact, (x2, x3) were specified freely only on S0, but their extension to the
other surfaces was fixed essentially by the requirement of the vanishing of the du dxµ
components in the line element db2. Hence, in general, the components 0qµν of the unit
sphere metric depend on the coordinate u, too.)
In the coordinate system (u, w, xµ),
g01 := g
( ∂
∂u
,
∂
∂w
)
= −( ∂
∂u
)a∇au = −1,
g11 := g
( ∂
∂w
,
∂
∂w
)
= gabl
alb = 0,
g1µ := g
( ∂
∂w
,
∂
∂xµ
)
= −( ∂
∂xµ
)a∇au = 0.
Thus, in these coordinates, the form of the conformal metric is
ds2 = g00du
2 − 2du dw + 2g0µdu dxµ + gµνdxµ dxν . (4.11)
Comparing its pull back to I + = {w = 0 } with db2 we see that
g00 + A
2, g0µ, gµν − qµν = O(w). (4.12)
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The contravariant form of the unphysical metric is
gab =

 0 −1 0−1 −g00 + gνρgν0gρ0 gµρgρ0
0 gµρgρ0 g
µν

 , (4.13)
where gµν is the inverse of the 2 × 2 matrix gµν , i.e. defined by gµρgρν := δµν . Since
Λ/3 ≈ (∇aΩ)(∇aΩ) holds by equation (2.4), the component g11 of the conformal metric
is asymptotically constant: g11 = 1
3
Λ + O(w2). Comparing this with (4.13) and taking
into account that gµ0 = O(w) (see equation (4.12)) we find that
A2 =
1
3
Λ, g00 = −1
3
Λ +O(w2). (4.14)
Moreover, contracting 0 ≈ ∇a∇bΩ ≈ ∇a∇bw with the various coordinate vectors, for
the Christoffel symbols we obtain that Γ1ab = O(w), where a, b = 0, ..., 3. (N.B.: Γ
a
11 = 0
identically, because the generators of Nu are affine parametrized geodesics.) In particular,
O(w)= 2Γ10µ = −∂µg00 − g11∂1g0µ + g1ρ
(−∂ρg0µ + ∂0gρµ + ∂µg0ρ)
=−1
3
Λ∂1g0µ +O(w), (4.15)
O(w)= 2Γ1µν = ∂0gµν − ∂µg0ν − ∂νg0µ − g11∂1gµν + g1ρ
(−∂ρgµν + ∂µgρν + ∂νgρµ)
= ∂0gµν − 1
3
Λ∂1gµν +O(w). (4.16)
The first implies that ∂1g0µ = O(w). To evaluate the second, let us write gµν = qµν +
rµνw +O(w
2), where rµν = rµν(u, x
ρ) (see equation (4.12)). Substituting this into (4.16)
we find that ∂0qµν =
1
3
Λrµν . Thus, from five of the equations ∇a∇bΩ ≈ 0 we obtain that
g0µ = O(w
2), gµν = qµν +
3
Λ
(
∂0qµν
)
w +O(w2). (4.17)
Equations (4.14) and (4.17) provide a refinement of the fall-off properties (4.12). The
second of (4.17) implies that gµν = qµν + 3
Λ
(∂0q
µν)w +O(w2), where qµν is the inverse of
qµν . The remaining components of ∇a∇bΩ ≈ 0 do not yield any further restriction on
the asymptotic form of the metric.
Introducing the new coordinate r := 1/w, the asymptotic form of the physical space-
time metric dsˆ2 = Ω−2ds2 is
dsˆ2 =− 1
3
Λr2du2 + 2du dr + r2
(
qµν +
3
Λ
(
∂0qµν
)1
r
)
dxµdxν
+O(1)du2 +O(
1
r2
)du dr +O(1)du dxµ +O(1)dxµ dxν . (4.18)
In particular, the metric of the de Sitter spacetime also has this form. To see this, first
let us rewrite the line element of the Einstein universe, ds2E = dτ
2 − dr¯2 − sin2 r¯ dω2, in
the new coordinates
u :=
√
3
Λ
(
τ − r¯), w :=
√
Λ
3
(
τ0 − τ
)
.
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(Here τ0 is some constant and dω
2 := dθ2+sin2 θdφ2 = 4(1+ ζζ¯)−2dζdζ¯, the line element
of the unit sphere metric in the angle and the complex null coordinates, respectively, and
r¯ ∈ [0, π], τ ∈ R.) We obtain
ds2E =−
1
3
Λdu2 − 2du dw− sin2
(√Λ
3
u− τ0 +
√
3
Λ
w
)
dω2
=− 1
3
Λdu2 − 2du dw− sin2
(√Λ
3
u− τ0
)
dω2 − 3
Λ
∂
∂u
(
sin2
(√Λ
3
u− τ0
)
dω2
)
w
+O(w2),
which has the expected asymptotic form near the w = 0 hypersurface. Thus, to see that
the de Sitter metric has indeed the form (4.18), it is already enough to recall that the de
Sitter spacetime is conformal e.g. to the −π/2 < τ < π/2 part of the Einstein universe.
Its future conformal boundary I + = {τ = π/2} coincides with the w = 0 hypersurface
precisely when τ0 = π/2, in which case u =
√
3
Λ
pi
2
, 0 and −
√
3
Λ
pi
2
correspond, respectively,
to the r¯ = 0 origin, the r¯ = π/2 maximal 2-surface and the r¯ = π anti-podal point; while
the conformal factor is Ω =
√
Λ
3
sin(τ + π/2) =
√
Λ
3
sin(π −
√
3
Λ
w) = w +O(w3).
4.3 The Newman–Penrose tetrad
Let Su,w denote the w = const topological 2-sphere in the null hypersurface Nu, and adapt
a Newman–Penrose (NP) complex null tetrad {la, na, ma, m¯a} to these surfaces: First,
recall that la is an outgoing null normal to Su,w, and let us choose na to be the future
pointing ingoing null normal and normalized by nala = 1; and let us choose m
a to be a
complex null tangent to Su,w, m¯a to be its complex conjugate and they are normalized
according to mam¯a = −1. This basis is fixed up to the change ma 7→ eiαma for any real
function α of the coordinates. Since la = ∇au, nala = 1, ma∇au = 0 and ma∇aw = 0,
the vectors of the tetrad have the form
la = −( ∂
∂w
)a
, na =
( ∂
∂u
)a
+B
( ∂
∂w
)a
+ Cµ
( ∂
∂xµ
)a
, ma = Dµ
( ∂
∂xµ
)a
(4.19)
for some functions B, Cµ and Dµ of the coordinates. Here B is real and, if (x2, x3) are
complex, then C2 = C¯3 holds. Comparing gab = lanb + nalb −mam¯b − m¯amb with (4.13)
we see that
B = −1
6
Λ +O(w2), Cµ = −gµρgρ0 = O(w2), DµD¯ν + D¯µDν = gµν . (4.20)
Since the future pointing unit timelike normal of I + is Na = −√3/Λgab∇bw, its con-
traction with la is constant on the whole I
+: Nala =
√
3/Λ. This implies that on
I +
la =
√
3
Λ
(
Na + Va
)
, na =
√
Λ
12
(
Na − Va
)
. (4.21)
Thus, the real null normals la and na of the 2-surface S are boosted with respect to
1√
2
(Na ± Va), the ones built from the timelike and spacelike normals symmetrically.
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Hence, we adapt our normalized GHP spinor dyad {oA, ιA} to the un-boosted null nor-
mals 1√
2
(Na ± Va), i.e. oAo¯A′ =
√
Λ/6la, ιAι¯A
′
=
√
6/Λna, oAι¯A
′
= ma and ιAo¯A
′
= m¯a.
Also, we define the GHP spin coefficients [30] in this un-boosted frame, rather than in
{la, na, ma, m¯a}.
To find the asymptotic form of the spin coefficients in the physical spacetime, we
conformally rescale the tetrad {la, na, ma, m¯a}. Since, however, neither la nor na is dis-
tinguished physically over the other, we rescale them, and the spinor dyad also, symmet-
rically:
la = Ω−1lˆa, na = Ω−1nˆa, ma = Ω−1mˆa; (4.22)
oA = Ω−
1
2 oˆA, ιA = Ω−
1
2 ιˆA. (4.23)
These imply the general formulae how the various GHP spin coefficients change under
such a symmetric rescaling:
κˆ = Ωκ, κˆ′ = Ωκ′,
σˆ = Ωσ, σˆ′ = Ωσ′,
ρˆ = Ωρ+ oAo¯A
′∇aΩ, ρˆ′ = Ωρ′ + ιA ι¯A′∇aΩ,
τˆ = Ωτ + oAι¯A
′∇aΩ, τˆ ′ = Ωτ ′ + ιAo¯A′∇aΩ,
βˆ = Ωβ − 1
2
oAι¯A
′∇aΩ, βˆ ′ = Ωβ ′ − 1
2
ιAo¯A
′∇aΩ,
εˆ = Ωε− 1
2
oAo¯A
′∇aΩ, εˆ′ = Ωε′ − 1
2
ιAι¯A
′∇aΩ.
Since la is a gradient and na is hypersurface orthogonal, certain GHP spin coefficients
take special value: κ = 0, ρ¯ = ρ, ρ¯′ = ρ′, ε + ε¯ = 0 and τ = β − β¯ ′ hold. In addition, by
(4.21) at I +
1√
2
(
∇a
(
oBo¯B′
)
+∇a
(
ιB ι¯B′
))
= ∇aNb = 0,
whose contraction with the various tetrad vectors yields that
κ′, τ ′, τ = β − β¯ ′, ε′ + ε¯′, σ′ + σ¯, ρ′ + ρ = O(w).
Hence, by Ω = 1/r + O(1/r3), the asymptotic form of the GHP spin coefficients in the
physical spacetime is
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κˆ=0, κˆ′ = O(
1
r2
), (4.24)
σˆ=
1
r
σ0 +O(
1
r2
), σˆ′ = −1
r
σ¯0 +O(
1
r2
), (4.25)
ρˆ=−
√
Λ
6
+
1
r
ρ0 +O(
1
r2
), ρˆ′ = −
√
Λ
6
− 1
r
ρ0 +O(
1
r2
), (4.26)
τˆ =O(
1
r2
), τˆ ′ = O(
1
r2
), (4.27)
βˆ +
¯ˆ
β ′=
2
r
β0 +O(
1
r2
), βˆ − ¯ˆβ ′ = O( 1
r2
), (4.28)
εˆ+ ¯ˆε=
√
Λ
6
+O(
1
r2
), εˆ− ¯ˆε = 2i
r
ε0 +O(
1
r2
), (4.29)
εˆ′ + ¯ˆε′=
√
Λ
6
+O(
1
r2
), εˆ′ − ¯ˆε′ = 2i
r
ε′ 0 +O(
1
r2
), (4.30)
where σ0 and β0 are complex, while ρ0, ε0 and ε′ 0 are real functions on I +. The first
three of them are linked to the intrinsic geometry of the conformal boundary. In fact,
σ0 =
1√
2
ma
(∇aVb)mb, ρ0 = 1√
2
m¯a
(∇aVb)mb, β0 = −1
2
ma
(∇amb)m¯b (4.31)
represent, respectively, the trace-free part of the extrinsic curvature of the 2-surfaces Su
in I +, the trace of this extrinsic curvature, and the rest of the connection 1-form of the
intrinsic geometry of I +. On the other hand, on I +
ε0 =
i
2
√
Λ
6
la
(∇amb)m¯b, ε′ 0 = i
2
√
6
Λ
na
(∇am¯b)mb, (4.32)
which specify how the complex null vectors ma and m¯a are extended off the confor-
mal boundary. Since, however, the complex null vectors ma and m¯a are fixed only up
to the phase transformation ma 7→ exp(iα)ma with an arbitrary smooth function α =
α(u, w, xµ), the functions ε0 and ε′0 can be chosen to be vanishing on I +. In fact, since
on a neighbourhood of I + they are given by (4.32) up to O(Ω) terms, under such a trans-
formation they change according to ε0 7→ ε0 + 1
2
√
Λ
6
la∇aα and ε′0 7→ ε′0 − 12
√
6
Λ
na∇aα.
Thus, if α is chosen to be
α
(
u, w, xµ
)
= 2
√
6
Λ
∫ w
0
ε0
(
u, w′, xµ
)
dw′,
then the new ε0 in the transformed frame is vanishing even on a neighbourhood of I +.
The NP frame is still not fixed, phase transformations of the complex null vectors with w-
independent phase are still allowed. Thus, if this phase in such a further transformation
is chosen to be
α
(
u, xµ
)
= 2
√
Λ
6
∫ u
0
ε′0
(
u′, 0, xµ
)
du′,
then the new ε′0 in the transformed frame is vanishing on I +. Therefore, the ε0 and ε′0
in (4.29) and (4.30), respectively, can be chosen to be vanishing. Note also that, by the
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first of (4.29), r is not an affine parameter along the null geodesic generators of the null
hypersurfaces Nu in the physical spacetime.
4.4 The asymptotic properties of the geometry of Σ
To determine the asymptotic form of the solutions of the renormalized Witten equa-
tion, and also to find the appropriate function spaces in which the renormalized Witten
equation can be proven to admit a solution, we need to know the detailed asymptotic
structure of the spacelike hypersurface Σ. Thus, suppose that in a neighbourhood of
I
+ in M the hypersurface Σ is given by u − U(w, xµ) = 0 for some smooth function
U of w and xµ, where, by Σ ∩ I + = S0, U(0, xµ) = 0 holds. (More generally, a 1-
parameter family Σt of spacelike hypersurfaces that intersect I
+ in the 2-surfaces Su
with u = t is given by the level sets t := u − U(w, xµ) = const.) Hence we can write
U(w, xµ) = Ww + O(w2) for some smooth function W of the coordinates xµ. Since Σ
is spacelike (even at I +) and the hypersurfaces Nu are null, the u coordinate along Σ
must be increasing with increasing w, and hence W must be strictly positive. Since the
components of the normal Ta of Σ in the coordinate system (u, w, x
µ) are (1,−∂U
∂w
,− ∂U
∂xµ
),
its norm is |Te|2 := gabTaTb = 13ΛW 2+2W+O(w), its scalar product with the unit normal
of the Ω = const hypersurfaces is NaTa =
√
3
Λ
(1 + 1
3
ΛW ) +O(w), and the function W is
completely determined by |Te|2 on I +. Note that Σ would be asymptotically null (e.g.
the null hypersurface N0 itself) precisely when W were vanishing. Then it is straightfor-
ward to derive the asymptotic form of the induced physical metric hˆab = Ω
−2hab on Σ. It
is
dhˆ2 = − 1
r2
(
|Te|2 +O(1
r
)
)
dr2 +O(
1
r
)dr dxµ + r2
(
qµν +O(
1
r
)
)
dxµ dxν .
If |Te| (and hence W , too) were constant and qµν were the unit sphere metric, then this
would be just the asymptotic form of the standard hyperboloidal metric
dhˆ2H = −
|Te|2
|Te|2 + r2dr
2 − r2dω2
with constant curvature (and curvature scalar Rˆ = −6/|Te|2). Therefore, the induced in-
trinsic metric on Σ is some ‘deformed’, or asymptotically hyperboloidal one, characterized
asymptotically by the function W and the 2-metric qµν , in which r is an asymptotic areal
(rather than a radial distance) coordinate. The function W plays the role of the local
boost parameters, characterizing the relative direction of the normal of Σ with respect
to that of I + at I +.
However, it seems useful to rewrite the induced metric in a slightly different, intrinsic
coordinate system on Σ. Thus, let us foliate the asymptotic end of Σ by the level sets of
the conformal factor, SˆΩ := Σ ∩ {Ω = const}. In general, for Ω > 0, these surfaces do
not coincide with any Su,w := Nu∩{w = const}, but in the Ω→ 0 limit SˆΩ → S0 ⊂ I +.
Let va := DaΩ/|DeΩ|, the gab-unit normal to SˆΩ which is tangent to Σ, where |DeΩ|2 :=
−gab(DaΩ)(DbΩ). This va points ‘outward’ to the conformal boundary, and the lapse n˜
of this foliation, defined by 1 =: −n˜vaDaΩ, is just n˜ = 1/|DeΩ|.
Let us complete this va to be a frame field {va,Ma, M¯a} on Σ. Here Ma and M¯a are
complex null tangents of the surfaces SˆΩ, orthogonal to va, and normalized with respect
to gab by M
aM¯a = −1. A simple calculation yields that the gab-unit normal to Σ and the
vectors of this frame field on Σ are given by
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ta=
1
|Te|
((
1 +
1
6
ΛW
)
la +Wna
)
+O(w), (4.33)
va=
1
|Te|
((
1 +
1
6
ΛW
)
la −Wna
)
+O(w), (4.34)
Ma=exp(iα)ma +O(w) (4.35)
with an irrelevant phase α, which will be chosen to be zero. By means of the last two it is
straightforward to give the explicit form of the projection P ab = −vavb−MaM¯a−M¯aMb =
−vavb − mam¯a − m¯amb + O(w). By (4.34), (4.19) and (4.20) the integral curves of va
(with parameter w˜) in the coordinates (u, w, xµ) are
u(w˜) = − W|Te|w˜+O(w˜
2), w(w˜) = − 1|Te|w˜+O(w˜
2), xµ(w˜) = xµ(0)+O(w˜2); (4.36)
and their end points on I + are at w˜ = 0. Hence these integral curves define a diffeomor-
phism between S0 and the surfaces SˆΩ. Moreover, w˜ coincides with the affine parameter
w in the first order up to a scale transformation (though this scale factor depends on the
coordinate xµ of the end point of the integral curves on I +). Thus, the coordinates xµ
of the end points of the integral curves can be extended from S0 to the whole asymptotic
end of Σ by vaDax˜
µ = 0 with the initial condition x˜µ ≈ xµ. By the third of (4.36)
x˜µ = xµ + O(w˜2). Therefore, (Ω, x˜µ), or rather (r˜, x˜µ) with r˜ := 1/Ω, form a coordinate
system on the asymptotic end of Σ. The radial coordinate r˜ coincides with r in the first
two orders: r˜ = r+O(r−1). The coordinate vector (∂/∂Ω)a is just the lapse times of the
unit normal of the surfaces, −va/|DeΩ|, with vanishing ‘shift part’. But by (4.33)
|DeΩ|2=−gab(DaΩ)(DbΩ) = −g11 + t1t1 +O(w2)
=−1
3
Λ +
1
|Te|2
(
1 +
1
3
ΛW +O(w)
)2
+O(w2) =
1
|Te|2 +O(w), (4.37)
i.e. the lapse is n˜ = |Te| + O(w). Therefore, in these coordinates, (∂/∂Ω)a = −|Te|va +
O(Ω), and the asymptotic form of the induced physical metric hˆab is
dhˆ2 = − 1
r˜2
(
|Te|2 +O(1
r˜
)
)
dr˜2 + r˜2
(
R2 0qµν +O(
1
r˜
)
)
dx˜µ dx˜ν , (4.38)
where R is the conformal factor such that 0qµν = R
−2qµν is the unit sphere metric, and
the coordinates x˜µ can be chosen to be the familiar angle or the complex stereographic
coordinates in which 0qµν takes the standard form of the unit sphere metric (see subsection
4.2). We use this form of the metric in appendix 5.2, and this form of the coordinate
vector (∂/∂Ω)a in subsections 4.5.2 and 4.6.1. In particular, the asymptotic form of the
induced volume element on the hypersurface is dΣˆ = r˜R2|Te| dS0 dr˜, where dS0 is the
area element on the unit sphere.
The most convenient way to calculate the extrinsic curvature of Σ, both in the con-
formal and in the physical spacetime, is the use of the family Σt of hypersurfaces and the
coordinates (t, w, xµ). We obtain that
χˆab =
1
|Te|
(
1 +
1
3
ΛW
)
hˆab +O(
1
r˜
). (4.39)
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Thus the physical extrinsic curvature of Σ is asymptotically proportional to its intrinsic
physical metric, just like in the case of spacelike hypersurfaces extending to the future null
infinity of asymptotically flat spacetimes. Therefore, the leading terms in the asymptotic
form of the metric hˆab and of the extrinsic curvature χˆab on the single hypersurface Σ are
determined by two functions on the cut S = I + ∩ Σ: the boost ‘parameter’ W and the
conformal factor R.
4.5 The boundary conditions from the Witten equation
4.5.1 The fall-off and the algebraic boundary conditions
The boundary conditions of the renormalized Witten equations (4.9), given explicitly by
DˆA′AαˆA + 3
2
K
¯ˆ
βA′ = 0, DˆAA′ ¯ˆβA′ + 3
2
KαˆA = 0, (4.40)
consist of two parts. (Here K = ±i√Λ/6, see the text following equation (4.10). Though
the sign can be fixed without loss of generality, we leave this ambiguity in the formalism.
All the sign ambiguities in what follows come from this ambiguity.) The first is an appro-
priate fall-off condition specifying how fast the spinor fields tend to their own asymptotic
value at infinity, while the second is a condition on the asymptotic values of the spinor
fields. In the present subsection we determine the first, and the part of the second that
comes from the equations (4.40) themselves.
To find these conditions, we rewrite (4.40) in the unphysical spacetime. We associate
zero conformal weight to the contravariant form of the spinor fields, i.e. αA = αˆA,
βA = βˆA, and, for the sake of simplicity, we a priori assume that αA and βA are smooth
on M . Hence we can write their components, defined in the unphysical spinor dyad
εAA := {oA, ιA} e.g. by αA := αAεAA , as
αA = α
(0)
A + Ωα
(1)
A +O(Ω
2), βA = β
(0)
A + Ωβ
(1)
A +O(Ω
2); (4.41)
where the functions α
(0)
A , ..., β
(1)
A depend only on the coordinates x˜
µ, i.e. they are functions
on S = Σ ∩ I +. (The subsequent analysis shows that even a slightly less restrictive
condition, viz. αA = α
(0)
A +Ω
kα
(1)
A +O(Ω
k+1), k > 1/2, would already be enough.) Since
αˆA = Ω
−1αA and βˆA = Ω−1βA hold, by (4.23) the components of the spinor fields in the
physical spinor dyad εˆAA = {oˆA, ιˆA} = Ω
1
2εAA , A = 0, 1, have the asymptotic form
αˆA = Ω
− 1
2
(
α
(0)
A + Ωα
(1)
A +O(Ω
2)
)
, βˆA = Ω
− 1
2
(
β
(0)
A + Ωβ
(1)
A +O(Ω
2)
)
. (4.42)
Thus, the components of the spinor fields in the physical spacetime diverge as
√
r˜.
In the unphysical spacetime (4.40) takes the form
0 = DA′AαA + 3
2
Ω−1
(
Kβ¯A′ − (∇A′AΩ)αA
)
, (4.43)
0 = DAA′β¯A′ + 3
2
Ω−1
(
KαA − (∇AA′Ω)β¯A′
)
. (4.44)
Let us recall that near I + = {Ω = 0} the unit normal of the Ω = const hypersurfaces is
Na = −
√
3/Λ(∇aΩ) +O(Ω2) (see equation (2.4)). Thus, multiplying these equations by
Ω and evaluating at Ω = 0, we obtain
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± iβ¯A′ ≈ −
√
2NA′Aα
A, ±iαA ≈ −
√
2NAA′β¯
A′. (4.45)
These are not independent, one implies the other. Therefore, the pair (αA, βA) of spinor
fields can solve (4.40) only if the asymptotic value of one of them determines the other
at the conformal boundary according to (4.45). In terms of the spinor components (4.45)
is equivalent to α
(0)
0 = ±iβ¯(0)1′ and α(0)1 = ∓iβ¯(0)0′ . Thus the two spinor fields are linked to
each other, but they are still not specified at the conformal boundary.
4.5.2 The asymptotic structure of the solution
Since by (4.45) Kβ¯A′ − (∇A′AΩ)αA ≈ 0, we may write
Ωγ¯A′ := Kβ¯A′ − (∇A′AΩ)αA
for some smooth spinor field γ¯A′ on M . In terms of α
A and γ¯A
′
the renormalized Witten
equations are
0=DA′AαA + 3
2
γ¯A′, (4.46)
0=ΩDAA′ γ¯A′ + γ¯A′(DA′AΩ) + P cAA′εA
′B′
(∇c∇bΩ)αB + (∇A′BΩ)DA′AαB
+
3
2
Ω−1
(
K2 +
1
2
(∇bΩ)(∇bΩ)
)
αA − 3
2
γ¯A
′∇A′AΩ. (4.47)
Using the 3+1 decomposition ∇eΩ = DeΩ + tetf∇fΩ and equations (2.3), (2.4) and
(4.46), the second of these takes the form
0 = (DA
′
BΩ)
(
DA′AαB + 1
2
γ¯A′δ
B
A
)
+ Ω
(
DAA′ γ¯A′ + P cAA′εA
′B′
(1
4
gbcΨ+Ψbc
)
αB +
3
2
ΦαA
)
.
Evaluating this equation at Ω = 0, we find that
vA
′
BDA′AαB + 1
2
γ¯A′v
A′
A ≈ 0, (4.48)
where va := DaΩ/|DeΩ| (see subsection 4.4). Let Πab := δab − tatb + vavb = P ab + vavb, the
orthogonal projection to the 2-surfaces SˆΩ, and define ∆a := Πba∇b, the two-dimensional
version of the Sen connection on the 2-surfaces. Then the 2+1 decomposition of the
derivative Da by ∆a and the directional derivative veDe yields that (4.48) has the form
∆A′Aα
A − ve(DeαA)vAA′ + 1
2
γ¯A′ ≈ 0. (4.49)
Here we used that vA
′
A∆A′B = v
A′
B∆A′A and 2v
AA′vAB′ = −δA′B′ . On the other hand,
after a similar decomposition the first of the renormalized Witten equations, equation
(4.46), yields
∆A′Aα
A + ve(DeαA)vAA′ + 3
2
γ¯A′ ≈ 0. (4.50)
By (4.49) and (4.50)
∆A′Aα
A + γ¯A′ = O(Ω), v
eDeαA + vAA′ γ¯A′ = O(Ω); (4.51)
23
which imply, in particular, that
veDeαA ≈ vAA′∆A′BαB. (4.52)
Clearly, there is a similar relationship between the tangential and radial derivatives of
the spinor field βA, too. Hence, the radial and tangential derivatives of the spinor fields
on the cut are linked together. To evaluate this, we rewrite it into its GHP form.
Contracting (4.52) with the vectors of the spinor dyad, using the asymptotic form
of the spin coefficients (in the gauge ε0 = ε′0 = 0), equations (4.35) and (4.34), va =
−|Te|−1(∂/∂Ω)a +O(Ω) and the expansion (4.41), we obtain that
α
(1)
0 = −
√
Λ
6
W
(
ðα
(0)
1 − ρ0α(0)0
)
, α
(1)
1 =
√
6
Λ
(
1 +
1
6
ΛW
)(
ð′α(0)0 + ρ
0α
(0)
1
)
; (4.53)
and there are analogous formulae for the expansion coefficients β
(1)
0 and β
(1)
1 , too. Here
ð and ð′ are the standard GHP edth operators on S [30]. Thus, in the solutions of the
renormalized Witten equation the Ω = 1/r˜ order terms in their asymptotic expansion
are determined completely by their boundary value and the boost gauge defined by Σ (and
represented by W ) at I +. In particular, on asymptotically null hypersurfaces α
(1)
0 and
β
(1)
0 would be vanishing. Therefore, with the definitions
0αA :=
(
α
(0)
A + Ωα
(1)
A
)
εAA , 0βA :=
(
β
(0)
A + Ωβ
(1)
A
)
εAA (4.54)
the solution of the renormalized Witten equations has the asymptotic form
αˆA = αA = 0α
A + σˆA,
¯ˆ
βA
′
= β¯A
′
= 0β¯
A′ + ¯ˆπA
′
, (4.55)
where e.g. α
(0)
A determines β
(0)
A through the algebraic boundary condition (4.45), the coef-
ficients α
(1)
A satisfy (4.53), β
(1)
A satisfy the analogous equation (and hence also determined
by α
(0)
A ), and the components of σˆ
A and ¯ˆπA
′
in the unphysical spin frame εAA are of order
Ω2. (N.B.: The dual spin frame is εAA = −ǫAB εBB εBA, where ǫAB is the anti-symmetric
Levi-Civita symbol.)
4.5.3 Example: The de Sitter spacetime
In the positivity and rigidity proofs in subsections 4.6.2 and 4.6.3 we need to know some
of the properties of the de Sitter spacetime. It is known that in this spacetime the
differential equation
∇ˆeΨα = ± i√
2
√
Λ
6
γˆαeβΨ
β (4.56)
is completely integrable (for either sign on the right), where Ψα = (αA, β¯A
′
) (as a column
vector) and the Dirac ‘matrices’ are given explicitly in terms of the metric spinor by
γαeβ =
√
2
(
0 εE′B′δ
A
E
εEBδ
A′
E′ 0
)
(see e.g. [31], pp 221). Hence it admits four linearly independent solutions and these
solutions can be specified by prescribing Ψα at any given point of the spacetime. In
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fact, its Weyl spinor constituents solve the 1–valence twistor equation such that the
primary spinor part of one twistor is just the secondary spinor part of the other [10];
and the solutions of (4.56) also solve (4.40) on any spacelike hypersurface Σ. In flat
spacetime (Λ = 0) its solutions are just the spinor constituents of the translational Killing
vectors. Thus the solutions of (4.56) are the spinor constituents of what substitutes the
translational Killing fields in de Sitter spacetime most naturally. (For a more detailed
discussion of the geometry of the de Sitter spacetime and the twistor equation, see e.g.
[22].)
To find the explicit solutions, let us rewrite (4.56) in the GHP formalism. In the
coordinate system based on a spherically symmetric foliation of I + and the GHP spin
frame (up to phase transformation of the complex null vectors) of subsection 4.2 and 4.3,
respectively, the only non-zero GHP spin coefficients are
ρˆ =
√
Λ
6
sin
(√ 3
Λ
w
)
cot
(√Λ
3
u− π
2
+
√
3
Λ
w
)−
√
Λ
6
cos
(√ 3
Λ
w
)
,
ρˆ′ = −
√
Λ
6
sin
(√ 3
Λ
w
)
cot
(√Λ
3
u− π
2
+
√
3
Λ
w
)−
√
Λ
6
cos
(√ 3
Λ
w
)
,
βˆ =
¯ˆ
β ′ = − 1
2
√
2
√
Λ
3
sin
(√
3
Λ
w
)
sin
(√
Λ
3
u− pi
2
+
√
3
Λ
w
)ζ,
εˆ = εˆ′ =
1
2
√
Λ
6
cos
(√ 3
Λ
w
)
.
Then, contracting (4.56) with oˆE ¯ˆoE
′
we obtain the so-called radial equations (i.e. the
parts of (4.56) tangential to the null geodesic generators of the null hypersurfaces Nu),
whose solution is given by
αˆ0 =
α
(0)
0√
sin
(√
3
Λ
w
) , ¯ˆβ0′ =
β¯
(0)
0′√
sin
(√
3
Λ
w
) ,
αˆ1 =
1√
sin
(√
3
Λ
w
)
(
∓iβ¯(0)0′ cos
(√ 3
Λ
w
)
+ sin
(√ 3
Λ
w
)
A1
)
,
¯ˆ
β1′ =
1√
sin
(√
3
Λ
w
)
(
∓iα(0)0 cos
(√ 3
Λ
w
)
+ sin
(√ 3
Λ
w
)
B¯1′
)
.
Here α
(0)
0 , β¯
(0)
0′ , A1 and B¯1′ are still to be determined functions of u and x
µ. Thus, in
particular, this solution is compatible with both the general fall off properties (4.41) and
the algebraic boundary conditions (4.45).
The contraction of (4.56) with oˆE¯ˆιE
′
and with ιˆE ¯ˆoE
′
give the so-called surface equa-
tions, i.e. the ones tangential to the u = const, w = const 2-spheres. Substituting the
solution of the radial equations here we obtain, in particular, that
0ðα
(0)
0 = 0, 0ð
′β¯(0)0′ = 0, 0ð
′A1 = 0, 0ðB¯1′ = 0,
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where 0ð and 0ð
′ denote the standard edth operators on the unit sphere [31]. The solution
of these equations is well known to be
α
(0)
0 =
∑
m
am 1
2
Y 1
2
m, β¯
(0)
0′ =
∑
m
bm − 1
2
Y 1
2
m, A1 =
∑
m
Am − 1
2
Y 1
2
m, B¯1′ =
∑
m
Bm 1
2
Y 1
2
m,
where ± 1
2
Y 1
2
m are the ±12 spin weighted spherical harmonics, m = −12 , 12 , and the coeffi-
cients am, bm, Am and Bm are still not specified functions of u. Substituting these into
the remaining four surface equations and using how the edth operators act on the spin
weighted spherical harmonics we find that Am and Bm are determined by am and bm
according to
sin
(π
2
+
√
Λ
3
u
)
Am = am ∓ i cos
(π
2
+
√
Λ
3
u
)
bm,
sin
(π
2
+
√
Λ
3
u
)
Bm = −bm ∓ i cos
(π
2
+
√
Λ
3
u
)
am;
but am and bm remain independent. It might be worth noting that these are just the con-
ditions (4.53), in which we substitute W = 0 (since the hypersurface on which the spinor
components are expanded is null), the radius of the u = const cut is R = sin(pi
2
−
√
Λ
3
u)
(see the line element of the Einstein universe in subsection 4.2) and ρ0 = 1√
2
cot(
√
Λ
3
u− pi
2
).
The u-dependence of am and bm is determined by the so-called evolution equations, ob-
tained by contracting (4.56) with ιˆE¯ˆιE
′
, and the whole solution is completely determined
by the value of the four functions am and bm e.g. at u = 0. Therefore, the solution
(αA, β¯A
′
) of equation (4.56) is completely determined by its spinor components α0 = αAo
A
and β¯0′ = β¯A′ o¯
A′ on one u = const cut of the conformal boundary.
Let Su denote the u = const cut. This can be considered as the intersection of some
spherically symmetric spacelike hypersurface Σ and the conformal infinity, and hence we
should ask how the solutions αA and βA on Su could be recovered purely in terms of the
geometry of Su. Since on I + αA determines βA algebraically, it is enough to consider
αA. For its structure we obtained α0 =
∑
m am 1
2
Y 1
2
m and α1 = ∓i
∑
m bm − 1
2
Y 1
2
m. These
are the general solution of
0ðα0 = 0, 0ð
′α1 = 0, (4.57)
which are the 2-surface twistor equations on the spherically symmetric Su.
4.6 The positivity and rigidity of H
In this subsection we begin the proof of existence for solutions of the Witten equation.
We show that the requirement of the finiteness of the functional H [α, α¯] + H [β, β¯] on
the solutions of the renormalized Witten equations (4.40) yields that the spinor fields
must solve the 2-surface twistor equations on the conformal boundary, and with these
boundary values they have a unique solution, controlled by the boundary value of e.g.
αA, provided the matter fields satisfy the dominant energy condition. This implies that
H [α, α¯] + H [β, β¯] is non-negative for such boundary values (positivity), and that it is
vanishing precisely when the domain of dependence of the spacelike hypersurface Σ is
locally isometric to the de Sitter spacetime (rigidity).
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4.6.1 Boundary conditions from the finiteness of H: The 2-surface twistor
equations
Since K in (4.6) is imaginary, the finiteness of H [α, α¯] +H [β, β¯] defined in the physical
spacetime is ensured by the finiteness of the integral on the right of (4.10). Since we
associated zero conformal weight to the (contravariant form of the) spinor fields, more-
over under the conformal rescaling of the spacetime metric the volume element changes
according to dΣˆ = Ω−3dΣ, the integral of the second term on the right hand side of (4.10)
is finite precisely when this term falls off slightly faster than Ω2, i.e. when
o
(
Ω2
)
= tˆaTˆ
a
b
(
αˆB ¯ˆαB
′
+ βˆB
¯ˆ
βB
′
)
= Ω2taT
a
b
(
αBα¯B
′
+ βBβ¯B
′
)
. (4.58)
Hence the rescaled energy-momentum tensor T ab must tend to zero at the conformal
boundary, i.e. the physical energy-momentum tensor must fall off as Tˆ ab = o(Ω
3), slightly
faster than Ω3. Therefore, assuming the smoothness of the rescaled energy-momentum
tensor on M , we must require Tˆ ab = O(Ω
4) (rather than only Tˆ ab = Ω
3T ab). Thus, in
particular, dust-like matter cannot be present near the conformal boundary.
To determine the condition of the finiteness of the integral of the first term on the
right of (4.10), we rewrite the derivative D˜eαˆA into a more familiar form. It is known
that
√
2tˆF
E′DˆEE′αˆA = Dˆ(EF αˆA) +
√
2tˆF
E′ 2
3
PDD
′
EE′ εˆDADˆD′CαˆC (4.59)
is the complete algebraically irreducible, tˆAA
′
–orthogonal decomposition of the derivative.
Here DˆAB :=
√
2tˆB
A′DˆAA′ = Dˆ(AB) is the unitary spinor form of DˆAA′, and the totally
symmetric part Dˆ(ABαˆC) defines the 3-surface twistor operator [23]. Substituting this
decomposition into the explicit expression of D˜eαˆA given by (4.5) and using the renor-
malized Witten equations (4.40), we find that it is precisely the 3-surface twistor operator
acting on αˆA, i.e.
H
[
α, α¯
]
+H
[
β, β¯
]
=
∫
Σ
{ 4
κ
tˆAA
′
tˆBB
′
tˆCC
′
(
(Dˆ(ABαˆC))(Dˆ(A′B′ ¯ˆαC′)) (4.60)
+ (Dˆ(ABβˆC))(Dˆ(A′B′ ¯ˆβC′))
)
+ tˆaTˆ
a
b(αˆ
B ¯ˆαB
′
+ βˆB
¯ˆ
βB
′
)
}
dΣˆ.
It has exactly the same structure that the components of the ADM, Bondi–Sachs and
Abbott–Deser energy-momenta and the total mass of closed universes (with Λ ≥ 0) have
in their spinorial form [26, 28, 27, 9, 10]: It is the sum of the square of the L2-norm of
the 3-surface twistor derivative of the spinor field satisfying the gauge condition and the
integral of the energy-momentum of the matter fields.
Returning to the question of the finiteness of the integral of the first term on the right
of (4.10), (4.60) shows that Dˆ(ABαˆC) and Dˆ(ABβˆC) must be square integrable on Σ in the
physical spacetime. Since the 3-surface twistor operator is conformally covariant, viz.
Dˆ(AB(Ω−1αC)) = Ω−1D(ABαC), this condition is equivalent to the
tAA
′
tBB
′
tCC
′
(D(ABαC))(D(A′B′α¯C′)) = o(Ω) (4.61)
fall-off in the unphysical spacetime, and to an analogous one for βA. By (4.33) this is
equivalent to
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oAoBoC
(DABαC), oAoBιC(D(ABαC)), oAιBιC(D(ABαC)), ιAιBιC(DABαC) = o(Ω 12 ).
Then, by (4.33) and the asymptotic value of the GHP spin coefficients in the conformal
spacetime, we obtain that
oAoBoC
(DABαC)= oAoB√2tBA′(∇AA′αC)oC = −
√
Λ
3
W
|Te|m
a
(∇aαC)oC +O(Ω)
=−
√
Λ
3
W
|Te|
(
ðα
(0)
0 + σ
0α
(0)
1
)
+O(Ω), (4.62)
ιAιBιC
(DABαC)=
√
12
Λ
1
|Te|
(
1 +
1
6
ΛW
)(
ð′α(0)1 − σ0α(0)0
)
+O(Ω). (4.63)
Using (4.33)-(4.35), |Te|2 = 13ΛW 2 + 2W + O(Ω) and va = −|Te|−1(∂/∂Ω)a + O(Ω), we
find that
3 oAoBιC
(D(ABαC)) = oAoB√2tBA′P ea(∇eαC)ιC + 2oAιB√2tBA′P ea(∇eαC)oC
= −
√
Λ
3
W
|Te|m
a
(∇aαC)ιC + 2
√
2
|Te|
√
6
Λ
(
1 +
1
6
ΛW
)
oAo¯A
′
P ba
(∇bαC)oC +O(Ω)
= −
√
Λ
3
W
|Te|
(
ðα
(0)
1 − ρ0α(0)0
)
+ 2
√
2
W
|Te|2
(
1 +
1
6
ΛW
)
va
(DaαC)oC +O(Ω)
= − W|Te|
(√Λ
3
(
ðα
(0)
1 − ρ0α(0)0
)
+
2
√
2
|Te|2
(
1 +
1
6
ΛW
)
α
(1)
0
)
+
2
√
2W
|Te|3
(
1 +
1
6
ΛW
)(√ 6
Λ
(
1 +
1
6
ΛW
)(
κα1 − εα0
)−
√
Λ
6
W
(
τα1 + ε
′α0
))
+O(Ω).
Then by (4.53) and the asymptotic form of the GHP spin coefficients this, and the
analogous expression for oAιBιC(D(ABαC)), yield that
oAoBιC
(D(ABαC)) = O(Ω), oAιBιC(D(ABαC)) = O(Ω). (4.64)
Therefore, by (4.64) oAoBιC(D(ABαC)) and oAιBιC(D(ABαC)) fall off appropriately, but
by (4.62) and (4.63) the condition (4.61) is satisfied precisely when
ðα
(0)
0 + σ
0α
(0)
1 = 0, ð
′α(0)1 − σ0α(0)0 = 0 (4.65)
also hold, i.e. if the spinor field αA on the cut S = Σ ∩I + solves the 2-surface twistor
equations of Penrose [12]. In particular, by (4.57) the solution of (4.56) in the de Sitter
spacetime also satisfies this condition.
4.6.2 Positivity
Assuming that the matter fields satisfy the dominant energy condition, the proof of the
non-negativity of H [α, α¯] + H [β, β¯] reduces to the proof of the existence of solutions of
(4.40) with the boundary values satisfying (4.45) and (4.65). To prove this existence, let us
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use the decomposition (4.54)-(4.55) of the spinor fields in (4.40). Then the homogeneous
renormalized Witten equations take the form of the system
DˆA′AσˆA + 3
2
K ¯ˆπA′ = −
(
DˆA′A 0αˆA + 3
2
K 0
¯ˆ
βA′
)
=: ¯ˆωA′, (4.66)
DˆAA′ ¯ˆπA′ + 3
2
KσˆA = −
(
DˆAA′ 0 ¯ˆβA′ + 3
2
K 0αˆA
)
=: ρˆA (4.67)
of inhomogeneous equations. The advantage of using (σˆA, ¯ˆπA
′
) instead of (αˆA,
¯ˆ
βA
′
) is that
the spinor fields satisfying the homogeneous boundary condition form a vector space,
while those satisfying an inhomogeneous one do not. Thus, the techniques of linear
functional analysis can be applied to them more easily. Moreover, the spinor fields on
the right hand side of (4.66) and (4.67) are fixed by the boundary conditions, and hence
what we should prove is only the existence of the spinor fields (σˆA, ¯ˆπA
′
) with appropriate
fall-off. Also, we will need the uniqueness of this solution.
First we show that the homogeneous equations corresponding to (4.66)-(4.67), i.e.
DˆA′AσˆA + 3
2
K ¯ˆπA′ = 0, DˆAA′ ¯ˆπA′ + 3
2
KσˆA = 0, (4.68)
do not admit any non-trivial smooth solution with the σˆA, πˆA = o(Ω3/2) fall-off, provided
the matter fields satisfy the dominant energy condition on Σ. (Note that, by the results
of subsection 4.6.1, the fall-off σˆA, πˆA = o(Ω3/2) is needed to ensure the finiteness of
H [α, α¯] + H [β, β¯]. This fall-off condition is equivalent to their square integrability, see
below.) Suppose, on the contrary, that (σˆA, ¯ˆπA
′
) is such a solution, and let us apply the
Sen–Witten type identity (4.10) to this solution. Then by the dominant energy condition
we have that
0 ≤
∫
Σ
{
− 2
κ
tˆAA′hˆ
ef
(
(D˜eσˆA)(D˜f ¯ˆσA′) + (D˜eπˆA)(D˜f ¯ˆπA′)
)
+ tˆaTˆ
a
b(σˆ
B ¯ˆσB
′
+ πˆB ¯ˆπB
′
)
}
dΣˆ = H
[
σˆ, ¯ˆσ
]
+H
[
πˆ, ¯ˆπ
]
. (4.69)
We show that the right hand side of this inequality is also zero. The GHP form of H [σˆ, ¯ˆσ]
is 2/κ times the Ω→ 0 limit of
∮
SˆΩ
(
¯ˆσ1′
(
ðˆ′σˆ0 + ρˆσˆ1
)− ¯ˆλ0′(ðˆσˆ1 + ρˆ′σˆ0)
)
dSˆ (4.70)
=
∮
SˆΩ
(
¯ˆσ1′
(
ðˆ′σˆ0 −
√
Λ
6
σˆ1 + σˆ1O(Ω)
)− ¯ˆσ0′(ðˆσˆ1 −
√
Λ
6
σˆ0 + σˆ0O(Ω)
))
Ω−2dS,
where we used the asymptotic form (4.26) of the GHP convergences. Thus, if σˆA = Ωl 0σ
A
with l > 3/2 and some bounded spinor field 0σ
A near I +, then σˆ0 and σˆ1 fall off faster
than Ω. This, together with the same argument for πˆA, imply that the right hand side of
(4.69) is indeed zero. Hence, the integrand of the middle term of (4.69) is vanishing, i.e.
DˆeσˆA +KPAA′e ¯ˆπA′ = 0, Dˆe ¯ˆπA
′
+KPA
′A
e σˆA = 0, (4.71)
tˆaTˆ
a
b
(
σˆB ¯ˆσB
′
+ πˆB ¯ˆπB
′
)
= 0. (4.72)
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Now we show that the spinor fields σˆA and πˆA cannot be proportional to each other on
any open subset of Σ. Thus, suppose, on the contrary, that πˆA = F σˆA for some smooth
complex function F on some open subset U ⊂ Σ. Then by (4.71)
0 = Dˆe
(
σˆAπˆ
A
)
= −(DˆeσˆA)πˆA + σˆA(DˆeπˆA) = K(1 + FF¯)PAA′e σˆA ¯ˆσA′ .
Since Σ is spacelike and σˆA ¯ˆσA′ is null, this implies the vanishing of σˆA on U . However,
by (4.71) σˆA solves the eigenvalue equation DˆAA′DˆA′BσˆB = 38ΛσˆA, and hence, by an
appropriate modification of the proof of Aronszajn’s theorem for its eigenspinors, the
spinor field σˆA cannot be vanishing on any open set U ⊂ Σ. (For the details, see the
appendix of [10].) Therefore, σˆA and πˆA cannot be proportional to each other on any
open subset of Σ, and hence σˆA ¯ˆσA
′
+ πˆA ¯ˆπA
′
is future pointing and timelike on an open
dense subset of Σ. But then by (4.72) and the dominant energy condition it follows that
Tˆab = 0 on Σ.
Evaluating the integrability condition of the system (4.71) and using that σˆA and πˆA
can be proportional with each other only on closed subsets of Σ with empty interior,
we find that the curvature RˆABcd of the spacetime at the points of Σ is that of the de
Sitter spacetime (see [10]). Foliating the domain of dependence of Σ by smooth Cauchy
surfaces Σs by Lie dragging Σ along its own timelike gˆab-unit normals, by the Bianchi
identities (written in their 3+1 form with respect to this foliation by Friedrich [32]) we
obtain that the geometry of the domain of dependence is locally isometric to the de Sitter
spacetime. (Note that these Cauchy surfaces Σs for the domain of dependence of Σ are
not the hypersurfaces Σt of subsection 4.4. In fact, while all the Σs cut I
+ in the same
2-surface S, the surfaces Σt ∩I + foliate a neighbourhood of S in I +.)
Finally, since the domain of dependence of Σ is locally de Sitter, the spinor fields σˆA
and ¯ˆπA
′
provide a correct initial condition for (4.56) on Σ. However, by the results of
subsection 4.5.3, its solution is completely determined by the value of the solution e.g.
at a point of Σ ∩I +. Since both σˆA and πˆA are vanishing there, the whole solution on
Σ must be vanishing. Hence, the differential operator
D˜ : C∞(Σ,Dα) ∩ L2(Σ,Dα)→ C∞(Σ,Dα) : Φα 7→ D˜αβΦβ (4.73)
is an injective linear map on the space of the smooth square integrable Dirac spinor fields,
where Φα := (σˆA, ¯ˆπA
′
) (as a column vector) and
D˜αβΦβ :=
(DˆAB′ ¯ˆπB′ + 3
2
KσˆA, DˆA′BσˆB + 3
2
K ¯ˆπA
′
)
. (4.74)
Therefore, if the system (4.66)-(4.67) admits a smooth solution, then that is unique in
C∞(Σ,Dα).
To show the existence of a solution of the inhomogeneous (4.66)-(4.67), and also that
non-smooth solutions of (4.68) do not exist either, we should reformulate the problem in
appropriate function spaces and use certain functional analytic techniques. We start this
here and defer the details to the appendix. If (σˆA, ¯ˆπA
′
) were a solution of (4.66)-(4.67)
with differentiable extension of the corresponding αˆA and βˆA to the conformal boundary,
then (σˆA, ¯ˆπA
′
) = O(Ω2) would hold (see equation (4.55)). Hence, for the Dirac spinor
Φα = (σˆA, ¯ˆπA
′
) we would have that
|Φα|2 :=
√
2tˆAA′
(
σˆA ¯ˆσA
′
+ πˆA ¯ˆπA
′
)
= O(Ω3),
|DˆeΦα|2 :=−hˆef
√
2tˆAA′
(
(DˆeσˆA)(Dˆf ¯ˆσA′) + (DˆeπˆA)(Dˆf ¯ˆπA′)
)
= O(Ω3).
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(In the second of these, we used how Dˆe is related to the Sen derivative operator De in
the conformal geometry, and that σˆA = Ω20σ
A and πˆA = Ω20π
A hold for some smooth
0σ
A and 0π
A on M .) Thus, both Ω−2δ|Φα|2 and Ω−2δ|DˆeΦα|2 would be integrable on Σ
for the same δ < 1
2
, and hence
(‖Φα‖1,δ)2 :=
∫
Σ
Ω−2δ
(|Φα|2 + |DˆeΦα|2)dΣˆ <∞. (4.75)
However, the norm that (4.75) defines is not the weighted Sobolev norm (for the latter see
e.g. [33]). This is the classical Sobolev norm2 with respect to the weighted volume element
Ω−2δdΣˆ. The weighted Sobolev spaces do not appear to be the natural function spaces on
the asymptotically hyperboloidal Σ because the fields and their derivatives have the same
fall-off properties. However, this fall-off rate cannot be arbitrary: The investigations in
subsection 4.6.1 show that the spinor fields σˆA and πˆA must fall off faster than Ω
3
2 , i.e.
they must be square integrable (with δ = 0), otherwise H [α, α¯] + H [β, β¯] would not
be finite. The spaces Hs,δ(Σ,D
α) (or simply Hs,δ) of the Dirac spinor fields for which
the norm has the structure (4.75) with the number of derivatives s = 0, 1, 2, ... will be
discussed in Appendix 5.1.
Now we show that the Dirac spinor (ρˆA, ¯ˆωA
′
) belongs to the weighted Lebesgue spaces
Lδ2 = H0,δ for δ <
1
2
. Since 0αˆ
A = 0α
A and 0
¯ˆ
βA
′
= 0β¯
A′ satisfy the algebraic boundary
condition (4.45) and since they were constructed from the solution of (4.49) and (4.50),
by equation (4.51) (with the notations of subsection 4.5.2), we have that
DˆA′A 0αˆA + 3
2
K 0
¯ˆ
βA′ = DA′A 0αA + 3
2
0γ¯A′ = ∆A′A 0α
A − vA′AveDe 0αA + 3
2
0γ¯A′ = O(Ω),
KDˆAA′ 0 ¯ˆβA′+ 3
2
K2 0αˆA = |DeΩ| vBA′
(DA′A 0αB + 1
2
0γ¯A′δ
B
A
)
+O(Ω)
= |DeΩ|
(
vA
A′∆A′B 0α
B − 1
2
ve(De 0αA)− 1
2
vAA′ 0γ¯
A′
)
+O(Ω) = O(Ω).
However, this fall-off means, in fact, that (ρˆA, ¯ˆωA
′
) ∈ Lδ2 for any δ < 12 . Hence, it seems
natural to expect that (4.74) defines a bounded linear operator D˜ from H1,δ into Lδ2 with
δ < 1
2
, and we need to show only that (ρˆA, ¯ˆωA
′
) ∈ Im D˜ and that ker D˜ = ∅. The former
would imply the existence, the latter the uniqueness of the solution of the renormalized
Witten equation (even among the non-smooth solutions). We complete the proof in the
Appendix.
In fact, in Appendix 5.3 we show that the extension of D˜ from the space of the
square integrable smooth Dirac spinor fields to the first Sobolev space of the spinor
fields, i.e. D˜ : H1,0 → L2, is a topological vector space isomorphism if the hypersurface
Σ is chosen such that its ‘boost parameter function’ W satisfies 1
3
ΛW < 1 (Theorem
5.4). Thus, in particular, ker D˜ ⊂ H1,0 is empty, i.e. the homogeneous equations (4.68)
do not have even non-smooth square integrable solutions with square integrable first
derivative. Also, (ρˆA, ¯ˆωA
′
) ∈ Im D˜ holds, and hence (4.40) has a unique square integrable
smooth solution. However, since (ρˆA, ¯ˆωA
′
) is not only square integrable but belongs to
2Strictly speaking, the dimensionally correct norm would be the square root of the integral of
Ω−2δ(|Φα|2+L2|DˆeΦα|2), where L is a positive constant with length physical dimension, e.g. L = 1/
√
Λ.
Since, however, it is the topology of the Banach spaces that the norm defines that has significance (but
not the norm itself), we adopt the standard (but physically incorrect) definition of the Sobolev norms.
This yields formally incorrect sums of quantities with different physical dimension in certain estimates.
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the weighted Lebesgue spaces Lδ2 = H0,δ for δ <
1
2
, moreover the solution of (4.66)-
(4.67) is unique, the solution is not only square integrable, but belongs to H1,δ for any
δ < 1
2
. Therefore, the renormalized Witten equation (4.40) with the algebraic boundary
condition (4.45) has a unique solution on such a Σ, proving that H [α, α¯] + H [β, β¯] is
finite and non-negative. Since H [α, α¯] + H [β, β¯] depends only on the cut, its finiteness
and non-negativity are independent of the choice of Σ.
Finally, it could be worth noting that the positivity proof can be extended to hyper-
surfaces with more than one asymptotic end; and also with inner boundaries represent-
ing future marginally trapped surfaces, where the spinor fields are subject to the chiral
boundary conditions of [27].
4.6.3 Rigidity
It is easy to see that H [α, α¯] +H [β, β¯] is vanishing for any smooth cut of the conformal
boundary of the de Sitter spacetime. In fact, we saw in subsection 4.5.3 that in de
Sitter spacetime equation (4.56) admits four linearly independent solutions. Then the
restriction of the Weyl spinor constituents αˆA and βˆA of such a solution to any smooth
spacelike hypersurface Σ extending to the conformal boundary I + solve the 3-surface
twistor equation on Σ. Therefore, by (4.60), H [α, α¯] +H [β, β¯] is vanishing.
Now we show that the converse of this statement is, in some sense, also true: If
H [α, α¯] + H [β, β¯] is zero, then the domain of dependence of the spacelike hypersurface
Σ is isometric to an open neighbourhood of a piece of the conformal boundary of the de
Sitter spacetime. Thus, the vanishing of H [α, α¯] + H [β, β¯] is equivalent to the local de
Sitter nature of the spacetime near its future conformal boundary. The present proof is
an adaptation of the proof of an analogous statement in [10], and its logic is essentially
the same that we followed in proving the non-existence of smooth solutions of the homo-
geneous equations (4.68) in the previous subsection. Thus here we only sketch the key
points of the proof.
Thus, let us suppose that H [α, α¯] +H [β, β¯] = 0 for some solution (αˆA,
¯ˆ
βA′) of (4.40).
Then both αˆA and βˆA solve the 3-surface twistor equation, Dˆ(ABαˆC) = 0 and Dˆ(ABβˆC) = 0,
too. Hence, by the Witten equations (4.40) and the decomposition (4.59), these satisfy
DˆeαˆA +KPAA′e ¯ˆβA′ = 0, Dˆe ¯ˆβA
′
+KPAA
′
αˆA = 0. (4.76)
Like in the previous subsection, their solutions αˆA and βˆA cannot be proportional with
each other on any open subset of Σ, and hence, by the dominant energy condition, (4.60)
gives that Tˆab = 0 on Σ. Also, the integrability conditions of (4.76) yields that the domain
of dependence of Σ is locally isometric to the de Sitter spacetime.
4.7 The total energy-momentum
4.7.1 The structure of the 2-surface twistor space
In subsection 4.6.1 we saw that the functional H [α, α¯]+H [β, β¯] of the solutions (αˆA,
¯ˆ
βA
′
)
of the renormalized Witten equation can be finite only if the spinor fields solve the 2-
surface twistor equations on S = Σ ∩I +, i.e.:
− T +(α) := ð′α1 − σ¯0α0 = 0, T −(α) := ðα0 + σ0α1 = 0. (4.77)
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It is known that on topological 2-spheres the 2-surface twistor equations admit at least
four, and in the generic case precisely four linearly independent solutions [34]. However,
examples are known for topological 2-spheres on which the 2-surface twistor equations
admit five independent solutions [35]. We will show that the 2-surface twistor space, i.e.
the space ker T := ker(T − ⊕ T +) of the solutions of the 2-surface twistor equations on
S ⊂ I +, is even dimensional.
First, let us observe that the constant normal Na of I
+ yields a non-trivial extra
structure on the kernel of a number of differential operators. Indeed, for any spinor field
λA on S let us form the C-anti-linear map
ν : λA 7→ ν(λ)A :=
√
2NA
A′λ¯A′, (4.78)
i.e. in terms of spinor components ν : (λ0, λ1) 7→ (−λ¯1′ , λ¯0′). Then the algebraic boundary
condition (4.45) is simply βA = ±iν(α)A. Then it is a simple calculation to check that
this map yields the C-anti-linear isomorphisms
ker T → ker T , ker∆→ ker∆, kerH+ → kerH−, ker C+ → ker C−. (4.79)
Here ∆ := ∆+ ⊕∆−, H± := ∆± ⊕ T ± and C± := ∆± ⊕ T ∓; and where
∆+(λ) := ð′λ0 + ρ
0λ1, −∆−(λ) := ðλ1 − ρ0λ0. (4.80)
Thus, ker∆ is the kernel of the Dirac operator built from the 2-dimensional Sen con-
nection ∆a := Π
b
a∇b on S; kerH± is the space of the holomorphic/anti-holomorphic
spinor fields of Dougan and Mason [36]; while, with the σ0 = 0 substitution, ker C± is
the space of Bramson’s spinors [37] at the future/past null infinity of asymptotically flat
spacetimes (where the relevant shears fall off faster then the divergences). (For a more
detailed discussion of these operators, see the appendix of [38].)
In particular, ν takes solutions of the 2-surface twistor equation into solutions. Clearly,
ν(α)A is not proportional to αA (and hence it is linearly independent of αA) because
ν(α)Aα
A = −√2NAA′αAα¯A′, which is zero only if αA itself is vanishing. Moreover,
the spinor fields ν(α)A and αA are orthogonal to each other with respect to N
AA′ , and
ν2 = −Id holds. Hence, each solution αA has a naturally determined linearly independent
counterpart ν(α)A and the αA ↔ ν(α)A correspondence is one-to-one. Therefore, on 2-
surfaces in I +, ker T is necessarily even dimensional, i.e. no odd number of ‘extra’
solutions can exist. We can form the quotient ker T /ν, which, since ν is an isomorphism,
can be identified with the space of the complex 2-planes [αA] of ker T spanned by αA
and ν(α)A for any αA ∈ ker T . This ker T /ν is at least two, and generically is precisely
two complex dimensional. We assume that there are no ‘extra’ solutions of the 2-surface
twistor equations on S, and hence that ker T is precisely four, and hence that ker T /ν is
precisely two dimensional.
Let us define G(ker T , ν) to be the set of automorphisms Φ of ker T for which ν ◦Φ =
Φ ◦ ν. Clearly, this is a subgroup of GL(ker T ), which can be called the symmetry group
of the 2-surface twistor space. Let SA ⊂ ker T be a two dimensional subspace which is
not invariant under ν, and hence for which ker T = SA ⊕ ν(SA) holds. (This SA is a
representative of ker T /ν, and obviously it is not canonically defined.) Let us fix a basis
in SA, say {αAA}, A = 0, 1. (Thus, note that the boldface name indices refer to a basis
in the abstract solution space, while the underlined name indices to a frame field on S.
Note also that since ν contains complex conjugation and it is only the abstract index
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that is converted by NAA′ to an unprimed one, the boldface index in ν(αA′)
A is, in fact,
primed.) Then {αAA, ν(αA′)A} is a basis in ker T , and in this basis ν takes the form of a
4× 4 complex matrix with 2× 2 blocks 0, −δAB , and, in the second row, δA′B′ and 0. (Here
0 is the zero matrix.) Thus, since ν is anti -linear, its action in this basis is the matrix
multiplication with this matrix, following the complex conjugation. Hence, in this basis,
Φ ∈ G(ker T , ν) is a matrix of the form
Φ =
(
AAB B
A
B′
−B¯A′B A¯A′B′
)
, (4.81)
where A and B are 2× 2 complex matrices and A is nonsingular. Clearly, these matrices
can be factorized in a unique way according to
Φ =
(
AAB 0
0 A¯A
′
B′
)(
δBC C
B
C′
−C¯B′C δB′C′
)
; (4.82)
and the matrices of the form diag(A, A¯) form a subgroup in G(ker T , ν), which is iso-
morphic to GL(1,C) × SL(2,C). The determinant of these factors is | det(A)|2 and
1+Tr(CC¯) + | det(C)|2 ≥ 0, respectively. Hence the latter should be required to be pos-
itive. Therefore, the symmetry group G(ker T , ν) factorized by the multiplicative group
of the determinants det(Φ) is a 15 parameter subgroup of SL(4,C). This subgroup turns
out to be isomorphic to SL(2,H), the spin group of SO(1, 5).
To see this, first let us determine its Lie algebra. Let us denote the standard SL(2,C)
Pauli matrices (divided by
√
2) by σAB
′
a , a = 0, ..., 3; and, for i = 1, 2, 3, let σ
A
i B :=√
2σAA
′
i σ
0
A′B, which are the standard SU(2) Pauli matrices (also divided by
√
2). Then
the basis of the Lie algebra of G(ker T , ν) corresponding to the factorization (4.82) is
d :=
1
2
(
δAB 0
0 δA
′
B′
)
, a0 :=
i
2
(
δAB 0
0 −δA′B′
)
,
ai :=
1√
2
(
σAi B 0
0 σA
′
i B
′
)
, a˜i :=
i√
2
(
σAi B 0
0 −σA′i B′
)
,
ca :=
1√
2
(
0 σAaB′
−σA′aB 0
)
, c˜a :=
i√
2
(
0 σAaB′
σA
′
aB 0
)
.
Clearly, d commutes with all the basis elements and generates the change of the deter-
minant of Φ. The Lie algebra elements a0, ai, a˜i, ca and c˜a form a 15 real dimensional
Lie algebra with the Lie products
[a0, ai] = [a0, a˜i] = 0, [a0, ca ] = c˜a , [a0, c˜a ] = −ca ,
[ai, aj] = ǫij
ka˜k, [ai, a˜j] = −ǫijkak,
[ai, c0] = ci, [ai, cj] = −ηijc0, [ai, c˜0] = c˜i, [ai, c˜j] = −ηijc˜0,
[a˜i, a˜j] = −ǫijka˜k, [a˜i, c0] = [a˜i, c˜0] = 0, [a˜i, cj] = −ǫijkck, [a˜i, c˜j] = −ǫijkc˜k,
[c0, ci] = −ai, [c0, c˜0] = −a0, [c0, c˜i] = 0,
[ci, cj] = −ǫijka˜k, [ci, c˜0] = 0, [ci, c˜j] = −ηija0,
[c˜0, c˜i] = −ai, [c˜i, c˜j] = −ǫijka˜k.
(Note that we lower the small boldface indices by the negative definite ηij = −δij, the
capital boldface indices by the anti-symmetric Levi-Civita symbol ǫAB; and we raise them
by their inverses.)
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To see the structure of this Lie algebra, consider its non-trivial subalgebras. First,
{a˜i, ai} spans the Lorentz Lie algebra so(1, 3) ≃ sl(2,C), and both {a˜i, ci} and {a˜i, c˜i}
(which are isomorphic with each other) span so(4) ≃ su(2) ⊕ su(2). The subalgebras
spanned by {a˜i, ai, ci, c0} and by {a˜i, ai, c˜i, c˜0} are also isomorphic, and since they con-
tain so(1, 3) and so(4), it is natural to expect them to be just the de Sitter algebra
so(1, 4) ≃ sp(1, 1). Similarly, {a˜i, ci, c˜i, a0} contains two (overlapping) copies of so(4),
hence this can be expected to be just so(5) ≃ sp(2). It is straightforward (e.g. by explicit
calculations) to show that these are, in fact, isomorphic to the so(1, 4) and so(5) Lie
algebras, respectively. In addition, {a0, c0, c˜0} spans so(1, 2) ≃ sl(2,R). Therefore, the
Lie algebra of the symmetry group G(ker T , ν) should be so(1, 5)⊕ R.
Since so(1, 5) is isomorphic to sl(2,H), the Lie algebra of the special linear group
in two dimensions over the quaternions [39], G(ker T , ν) factorized by the determinants
is locally isomorphic to SL(2,H). In fact, the explicit form (4.81) of the symmetry
group G(ker T , ν) is just the complex realization of GL(2,H) [40], i.e. the quotient of
G(ker T , ν) and the multiplicative group (0,∞) of the determinants det(Φ) is precisely
SL(2,H) (which in its actual complex form is also denoted by SU∗(4) [40]), the spin
group of SO(1, 5).
4.7.2 The general form of the total energy-momentum
Since the solution (αˆA,
¯ˆ
βA
′
) of (4.40) is completely controlled e.g. by the boundary value
of αA on the cut of the conformal boundary, the functional H yields a well defined positive
definite quadratic form on the space ker T by
H∗ : ker T → [0,∞) : αA 7→ 1
2
(
H
[
α, α¯
]
+H
[
ν(α), ν(α)
])
. (4.83)
Then the polarization formula (4.3) (applied to H∗) makes it possible to extend H∗ to
be a positive Hermitian bilinear form on ker T . This gives, for any λA, µA ∈ ker T , that
H∗
[
λ, µ¯
]
=
1
2
(
H
[
λ, µ¯
]
+H
[
ν(µ), ν(λ)
])
, (4.84)
by means of which it is easy to see that
H∗
[
λ, ν(µ)
]
= −H∗[µ, ν(λ)], H∗[ν(λ), ν(µ)] = H∗[λ, µ¯] (4.85)
hold. In particular, by the first of these H∗[λ, ν(λ)] = 0 for any λA ∈ ker T .
Let us fix a basis {αAA, ν(αA′)A} in ker T (see subsection 4.7.1). Then by (4.85) H∗
in this basis is a 4× 4 complex matrix
H∗ =
(
P Q
−Q¯ P¯
)
, (4.86)
where P := H∗[αA, α¯B′] (or, rather PAB′) is a 2×2 Hermitian, while Q := H∗[αA, ν(αB′)] =
H∗[αA, ν(αB)] is a 2 × 2 complex anti-symmetric matrix. By the positivity and rigidity
results of subsection 4.6 the matrix P is positive, and one of its diagonal elements (i.e. the
product P00′P11′) is vanishing if and only if the domain of dependence of the hypersurface
Σ is locally isometric to the de Sitter spacetime, in which case the whole H∗ is vanishing.
By the anti-symmetry of Q it can also be written as QǫAB, where Q := H
∗[α0, ν¯(α1)] ∈ C.
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Since the choice for SA is not canonical, neither the basis nor PAB′ is canonically
defined. Under the action of a basis transformation with Φ ∈ G(ker T , ν) given by (4.81),
the components PAB′ and Q change as
PAA′ 7→ PBB′
(
ABAA¯
B′
A′ +B
B
A′B¯
B′
A
)−QǫCDACABDA′ − Q¯ ǫC′D′A¯C′A′B¯D′A,
Q 7→ Q det(A) + Q¯ det(B) + PAA′AACB¯A′DǫCD.
Hence, in the lack of any further extra structure on ker T , it does not seem to be able to
extract PAB′ as the energy-momentum 4-vector in a canonical way from H
∗, even though
it shares the positivity and rigidity properties. Such an extra structure would be needed
to reduce G(ker T , ν) to GL(1,C)×SL(2,C) = {diag(A, A¯)}. In this case we would have
a well defined energy-momentum PAB′ . However, even if we had such a reduction, still
we would not have any natural symplectic metric to define mass as the length of this
energy-momentum. Still we would have to rule out the factor GL(1,C).
A simple calculation shows that
det(H∗) =
(
det(PAB′)−QQ¯
)2
, (4.87)
and hence it might be tempting to introduce the concept of mass by det(H∗), even if
PAB′ cannot be defined in a canonical way. Since H
∗ is positive definite, by the rigidity
property det(H∗) = 0 (i.e. det(PAB′) = QQ¯) is equivalent to the vanishing of H∗, i.e. to
the local de Sitter nature of the domain of dependence of the spacelike hypersurface Σ
in the spacetime. Unfortunately, however, det(Φ) is not one, and hence this determinant
is still not an invariant, it is only its sign (positive or zero) that is invariant. We would
need an extra structure on the 2-surface twistor space, e.g. a geometrically defined volume
4-form, by means of which the symmetry group could be reduced to SL(2,H).
Nevertheless, still H∗ is a well defined observable with useful properties, but in general
asymptotically de Sitter spacetimes this cannot be interpreted as energy-momentum in
a natural way. In the next subsection we consider special cases when additional extra
structures are present on the 2-surface twistor space by means of which the analog of the
Bondi mass can be defined by (4.87).
4.7.3 Further extra structures on ker T on non-contorted cuts
The 2-surface twistor space can also be considered as the space of the pairs Zα :=
(λA, i∆A′Bλ
B), λA ∈ ker T ; and πA′ := i∆A′BλB is called the secondary part of the
2-surface twistor Zα (see [12]). For any four twistors Zαi = (λ
A
i , π
i
A′), i = 1, ..., 4, one can
define
ε :=
1
4
εαβγδZ
α
1Z
β
2Z
γ
3Z
δ
4 := ǫ
ij
klλ
0
iλ
1
jπ
k
0′π
l
1′ = ǫ
ijklλ0iλ
1
j
(
ðλ0k
)(
ð′λ1l
)
,
where ǫijkl is the Levi-Civita alternating symbol, and we used the GHP form of the
secondary part of the twistors. In general, this ε is a complex valued function on the
cut. If, however, ε were constant on the cut, then this εαβγδ would define a volume 4-
form, a further extra structure, on the 2-surface twistor space ker T . The presence of this
volume form would reduce the symmetry group to its volume-preserving subgroup, i.e.
to SL(2,H). Then we could define the mass in an invariant way by (4.87), where the
basis {αAA, ν(αA′)A} would be chosen such that the components of εαβγδ are those of the
36
Levi-Civita symbol. It is still not known what are the necessary and sufficient conditions
on the geometrical properties of the cut that could ensure the existence of such a volume
4-form.
If a Hermitian metric exists on ker T , then it defines a geometrically given volume 4-
form (see [12]). To introduce this, for any two twistors Zα = (λA, πA′) and W
α = (µA, ρA′)
let us define
hαβ′Z
α
W¯
β′ := λAρ¯A + πA′ µ¯
A′ =: h(λ, µ¯).
In general, this is not constant on the cut, but when it is, then it defines a (conformally
invariant) Hermitian metric on ker T with signature (+,+,−,−). By definition, the group
of the linear transformations of ker T preserving this metric is SU(2, 2), the spin group
of SO(2, 4). Hence, in the presence of such a Hermitian metric, the symmetry group of
the 2-surface twistor space is SL(2,H) ∩ SU(2, 2) ≃ SP (1, 1), just the spin group of the
de Sitter group SO(1, 4) = SO(1, 5) ∩ SO(2, 4). Thus, the de Sitter group (in its spinor
representation) emerges as the (reduced) symmetry group of the 2-surface twistor space.
The 2-surfaces for which such a Hermitian scalar product hαα′ exists are called non-
contorted, and these are known to be just the 2-surfaces which can be embedded, at least
locally, into a conformMinkowski spacetime with their first and second fundamental forms
[41, 42, 43]. For example, the cuts of an intrinsically locally conformally flat conformal
boundary are all non-contorted (see also [44]). Thus, we have a large class of radiative
spacetimes in which the cuts are non-contorted.
Thus, suppose that the cut S is non-contorted and hence the Hermitian metric hαα′
exists on ker T . Then a straightforward calculation yields that
h(ν(λ), ν(µ)) = h(λ, µ¯), h(λ, ν(µ)) = −h(µ, ν(λ)); (4.88)
i.e. the Hermitian metric is anti-invariant under the action of ν. (It might be worth
noting that these equations already ensure the existence of the infinity twistor on ker T
[22].) Thus, in particular, h(λ, ν(λ)) = 0 for any λA; i.e. λA and ν(λ)A are orthogonal
to each other with respect to h, too. The properties (4.88) make it possible to choose
the basis {αAA, ν(αA′)A} in ker T in a more specific way. Namely, let us choose αA0 such
that h(α0, α¯0′) = 1. Then by (4.88) ν(α0′)
A is h-orthogonal to αA0 ; and its norm is also
1. Thus the spinors in the 2-plane [αA0 ] have positive norm. Then let us choose α
A
1 to be
h-orthogonal to the 2-plane [αA0 ]. Because of the signature of hαα′ its norm is negative,
and we choose it to be −1. Then by (4.88) the norm of ν(α1′)A is −1, and it is h-
orthogonal not only to αA1 , but to the whole 2-plane [α
A
0 ], too. Hence, the resulting basis
{αAA, ν(αA′)A} is h–orthonormal. Thus, in this basis, h and its contravariant form h−1
have the form diag(1,−1, 1,−1). Hence, the invariants of H∗ are given by the trace of the
first four powers of h−1H∗. These are 2(P00′ − P11′), 4(det(PAB′)−QQ¯) + 2(P00′ − P11′)2,
6(P00′−P11′)(det(PAB′)−QQ¯)+2(P00′−P11′)3 and 2(2(det(PAB′)−QQ¯)+(P00′−P11′)2)2,
respectively. Therefore, H∗ has two independent invariants, both of them real:
M
2 := det
(
PAB′
)−QQ¯, N := P00′ − P11′. (4.89)
Clearly, M is analogous to the Bondi mass of asymptotically flat spacetimes, but the
meaning of the other invariant, the difference N of the value of the functional H∗ on
the positive and negative norm elements of the subspace SA, is still unclear. Further
investigation of these quantities, viz. their group theoretical properties, their alternative
expressions, the analog of ‘mass-loss’, etc. will be given in a separate paper.
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5 Appendix: The Sen–Witten operator in weighted
function spaces
The aim of this appendix is to introduce and develop the necessary functional analytic
tools by means of which we can prove the existence and uniqueness of the solution of the
renormalized Witten equation (4.66)-(4.67) on asymptotically hyperboloidal hypersurfaces
in a rigorous way. The key ideas and statements are motivated by those of [33] devel-
oped for asymptotically flat Riemannian manifolds. First we introduce the appropriate
weighted function spaces and state two of their properties. Then we prove a number
of estimates for the renormalized Sen–Witten operator D˜, by means of which finally we
prove that D˜ is an isomorphism. In this appendix all the quantities and objects are in
the physical spacetime, but, for the sake of simplicity, we leave the ‘hats’ off of them.
5.1 The weighted function spaces on asymptotically hyperboloidal
hypersurfaces
Following the general ideas of [33] we define the weighted Lebesgue spaces of pairs of Weyl
spinor fields, i.e. of Dirac spinor fields, on the asymptotically hyperboloidal hypersurfaces
discussed in subsection 4.4. (The following concepts can be generalized in a natural
way to cross-sections of Hermitian vector bundles over asymptotically hyperboloidal n-
manifolds, even with more than one asymptotic end.) Thus, we assume that all the
geometric structures of those hypersurfaces Σ are present and are smooth. In particular,
hab is an asymptotically hyperboloidal (negative definite) metric and χab is the extrinsic
curvature with the asymptotic form (4.38) and (4.39), respectively. We also consider the
future pointing unit timelike normal (and hence the positive definite Hermitian metric
on the spinor spaces), the conformal factor Ω (or radial coordinate 1/Ω) and the foliation
SΩ etc. to be given. Clearly, the conformal factor can be assumed to be one on some
‘large enough’ compact subset K ⊂ Σ with smooth boundary ∂K ≈ S2 and strictly
monotonically decreasing on Σ − K. De will denote the covariant derivative operator
acting on the Dirac spinor fields, determined by the Sen connection.
For δ ∈ R and a measurable Dirac spinor field Φα = (σA, π¯A′) on Σ we define
(‖Φα‖δ)2 :=
∫
Σ
Ω−2δ
√
2tAA′
(
σAσ¯A
′
+ πAπ¯A
′
)
dΣ (5.1)
and let Lδ2(Σ,D
α), or shortly Lδ2, denote the space of the spinor fields Φ
α for which ‖Φα‖δ <
∞. This space is a Banach space with the norm ‖ . ‖δ, which is, in fact, a Hilbert space
with the obvious Hermitian scalar product: 〈Φα,Ψα〉 := ∫
Σ
Ω−2δ
√
2tAA′(σ
Aα¯A
′
+π¯A
′
βA)dΣ
for any Φα = (σA, π¯A
′
) and Ψα = (αA, β¯A
′
).
With the convention ‖Φα‖0,δ := ‖Φα‖δ, for any s = 0, 1, 2, ... let us define3
(‖Φα‖s,δ)2 :=
s∑
k=0
∫
Σ
Ω−2δ|Dek ...De1Φα|2dΣ (5.2)
for any measurable spinor field Φα with measurable De–derivatives (in the weak sense)
up to order s, where
3See the footnote to equation (4.75) in subsection 4.6.2.
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|Dek ...De1Φα|2 : =
√
2tAA′(−he1f1)...(−hekfk)
(
(Dek ...De1σA)(Dfk ...Df1 σ¯A
′
) +
+ (Dek ...De1πA)(Dfk ...Df1 π¯A
′
)
)
(5.3)
is the positive definite pointwise norm of the kth derivative. Then the space Hs,δ(Σ,D
α),
or shortly Hs,δ, is defined to be the space of those spinor fields Φ
α for which ‖Φα‖s,δ <∞.
This is a Hilbert space with the obvious scalar product. Note that the spaces Hs,δ are
not the familiar weighted Sobolev spaces (see e.g. [33]), rather these are the classical
Sobolev spaces with the overall weighted volume element. The concept of this kind of
spaces is motivated by the observation that the fall-off rate of both the solution of the
renormalized Witten equation and its derivatives are the same (see subsection 4.6.2). By
definition H0,δ = L
δ
2, and Hs,0 is just the classical Sobolev space Hs(Σ,D
α).
We also need to define the space Csδ (Σ,D
α) (or simply Csδ ) of the C
s Dirac spinor
fields Φα on Σ for which4
‖Φα‖Csδ := sup
{ s∑
k=0
Ω−δ|Dek ...De1Φα|(p) | p ∈ Σ
}
<∞. (5.4)
Csδ is a Banach space with the norm ‖ . ‖Csδ . The concept of these spaces is motivated
by the weighted function spaces of Cs tensor fields of [33], but note that the norms are
different and hence the spaces Csδ are different from those of [33]. Here the weight func-
tions in front of the different order terms are the same. The significance of these spaces is
that they give a control on the fall-off properties of the spinor fields. In particular, Φα is
continuous and Φα = O(Ωk) (in the sense that Ω−kΦα can be extended to the conformally
compactified Σ as a continuous spinor field) precisely when Φα ∈ C0δ with δ = k − 12 .
It follows immediately from the definitions that Hs,δ ⊂ Hs′,δ′ if δ′ ≤ δ and s′ ≤ s.
The next lemma is analogous to the Rellich lemma for the classical Sobolev spaces over
compact domains:
Lemma 5.1. If δ′ < δ and s′ < s, then the injection i : Hs,δ → Hs′,δ′ is compact.
Proof. The statement is the adaptation of Lemma 2.1 of [33] to the actual spaces, and
the proof is similar to that.
Also, as a simple consequence of the definitions, Cs
′
δ′ ⊂ Hs,δ holds if s′ ≥ s and δ′ >
δ+1. (For tensor fields on n dimensional Σ the latter condition would be δ′ > δ+(n−1)/2,
while on asymptotically flat Σ it is known to be δ′ > δ + n/2.) In particular, the spinor
fields with o(Ω
3
2 ) fall-off, i.e. the elements of C0δ′ with δ
′ > 1, are square integrable, while
those with O(Ω2) fall-off belong to Lδ2 with δ <
1
2
. The next lemma states that, for
appropriate indices, the inclusion holds in the opposite direction, too. This statement is
analogous to the classical Sobolev lemma, and is the adaptation of Lemma 2.4 of [33] to
the present case:
Lemma 5.2. If s ≥ s′ + 2 and δ > δ′ − 1, then Hs,δ ⊂ Cs′δ′ .
Proof. The proof can be based on the proof of Lemma 2.3 and Lemma 2.4 of [33], and on
the classical Sobolev lemma Hs ⊂ Cs′, s > s′ + n/2, for compact domains and its exten-
sion from the n dimensional asymptotically Euclidean to asymptotically hyperboloidal
4See the footnote to equation (4.75) in subsection 4.6.2.
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geometries. The only deviation from the asymptotically flat case is that in Lemma 2.3 of
[33] the map Tε : Hs,δ → Hs,δ′ on n dimensional asymptotically hyperboloidal Σ is a topo-
logical vector space isomorphism for δ > δ′− (n− 1)/2, rather than for δ > δ′− n/2.
5.2 The basic estimates for D˜
Since the Sen–Witten operator, given explicitly by DαβΦβ = (DAB′ π¯B′ ,DA′BσB), is ellip-
tic, D˜, given explicitly by D˜αβΦβ := DαβΦβ + 32KΦα, is also elliptic. If Φα ∈ H1,δ (with
arbitrary δ ∈ R), then
(
‖DαβΦβ‖0,δ
)2
=
∫
Σ
Ω−2δ
(
|DAA′π¯A′|2 + |DA′AσA|2
)
dΣ
≤
∫
Σ
Ω−2δ
(
|DAA′π¯A′ |2 + 3
2
|D(A′B′ π¯C′)|2 + |DA′AσA|2 + 3
2
|D(ABσC)|2
)
dΣ
=
3
2
∫
Σ
Ω−2δ
(
|Deπ¯A′ |2 + |DeσA|2
)
dΣ ≤ 3
2
(
‖Φα‖1,δ
)2
holds, i.e. D : H1,δ → Lδ2 is a bounded linear operator. (Here we used the orthogonal
decomposition (4.59) of the De-derivative of the spinor fields.) Then
‖D˜αβΦβ‖0,δ = ‖DαβΦβ + 3
2
KΦα‖0,δ ≤ ‖DαβΦβ‖0,δ + 3
2
√
Λ
6
‖Φα‖0,δ
≤
√
3
2
‖Φα‖1,δ + 3
2
√
Λ
6
‖Φα‖0,δ ≤
√
3
2
(
1 +
√
Λ
4
)
‖Φα‖1,δ;
i.e. the renormalized Sen–Witten operator
D˜ : H1,δ → Lδ2 (5.5)
is also bounded, and hence continuous, for any δ ∈ R.
Next we prove a number of lemmas that we need in the proof of the isomorphism
theorem for D˜ in the next subsection. The first of these is the so-called fundamental
elliptic estimate:
Lemma 5.3. Let the dominant energy condition hold on Σ and let B ⊂ Σ be an open set
with compact closure and smooth boundary. Then
‖ΦαA‖1,0 ≤
√
2‖D˜αβΦβA‖0,0 +
√
1 +
3
4
Λ‖ΦαA‖0,0 (5.6)
for any ΦαA ∈ H1,0, supp (ΦαA) ⊂ Σ− B. Also,
‖ΦαB‖H1(B) ≤
√
2‖D˜αβΦβB‖L2(B) +
√
1 +
3
4
Λ‖ΦαB‖L2(B) (5.7)
for any ΦαB ∈ H1,0, supp (ΦαB) ⊂ B.
Scholium: The index A of ΦαA and B of Φ
α
B are not spinor indices. The former indicates
that the spinor field is localized in the asymptotic region on Σ, while the latter is localized
in a bounded domain in Σ. (See also the first paragraph of the proof of Lemma 5.6 below.)
Hs(B), s = 0, 1, 2, ..., denotes the classical Sobolev spaces on the domain B with compact
closure.
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Proof. For any smooth spinor field σA on Σ we have the Sen–Witten identity
|DeσA|2=2|DA′AσA|2 − 1√
2
ta
(
κT ab + Λδ
a
b
)
σBσ¯B
′
−
√
2DAA′
(
tAB
′
σ¯A
′DB′BσB − tBA′ σ¯B′DBB′σA
)
. (5.8)
If σA is square integrable, then the integral of the total divergence at infinity is vanishing
(see its 2-surface integral form (4.70) and the argumentation in the second paragraph of
subsection 4.6.2), and if supp (σA) ⊂ Σ−B or supp (σA) ⊂ B, then the boundary integral
on ∂B is also vanishing. Hence, by Λ > 0 and the dominant energy condition this and
the analogous argument for πA in Φα = (σA, π¯A
′
) we obtain
(‖Φα‖1,0)2≤ 2(‖DαβΦβ‖0,0)2 + (‖Φα‖0,0)2 = 2(‖D˜αβΦβ − 3
2
KΦα‖0,0
)2
+
(‖Φα‖0,0)2
≤
(√
2‖D˜αβΦβ‖0,0 +
√
1 +
3
4
Λ‖Φα‖0,0
)2
. (5.9)
Thus, recalling that for Φα = ΦαB the H0,0 and H1,0 norms coincide with the L2(B) and
H1(B) norms, respectively, the inequalities hold for smooth Φ
α
A and Φ
α
B, respectively.
Finally, let Φα (= ΦαA or Φ
α
B) be an arbitrary element of H1,0. Since the smooth spinor
fields form a dense subspace in H1,0, there exists a sequence {Φαi }, i ∈ N, of smooth spinor
fields in H1,0 which converges to Φ
α strongly. Applying the estimate (5.9) to the smooth
spinor fields Φαi and recalling that the norms ‖ . ‖s,δ : Hs,δ → [0,∞) are continuous, the
inequalities follow.
N.B.: The statement holds true even for Λ ≤ 0; and in the Λ < 0 case the cosmological
constant term gives additional contribution to the constant in front of ‖Φα‖0,0. Note
also that although in this appendix we assume that the dominant energy condition holds,
estimates of the form (5.6), (5.7) could be derived from the ellipticity of D˜ alone, without
the use of the dominant energy condition. In this case the forthcoming statements that
depend on the fundamental elliptic estimate would hold independently of the dominant
energy condition. The price that we had to pay for the simplicity of the proof of this
estimate is the requirement of the dominant energy condition.
Another consequence of the Sen–Witten identity is given by the next lemma:
Lemma 5.4. Let B ⊂ Σ be an open subset with compact closure and smooth boundary.
Then
(
‖D˜eΦαA‖0,0
)2
≤ 2
(
‖D˜αβΦβA‖0,0
)2
+ 4
√
2
3
Λ ‖D˜αβΦβA‖0,0 ‖ΦαA‖0,0 (5.10)
holds for any ΦαA ∈ H1,0, supp (ΦαA) ⊂ Σ− B.
Proof. By the Sen–Witten identity for ΦαA = (σ
A, π¯A
′
) and the form (4.8) of the boundary
term
2
(
‖D˜αβΦβA‖0,0
)2
=
(
‖D˜eΦαA‖0,0
)2
+
κ√
2
∫
Σ−B
taT
a
b
(
σBσ¯B
′
+ πBπ¯B
′
)
dΣ
+4K
∫
Σ−B
√
2tAA′
((D˜AB′ σ¯B′)π¯A′ − (D˜A′BσB)πA + (D˜A′BπB)σA − (D˜AB′ π¯B′)σ¯A′
)
dΣ
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holds, where we used that the integral of the boundary terms vanishes. Then by K = −K¯
and the dominant energy condition it follows that
2
(
‖D˜αβΦβA‖0,0
)2
≥
(
‖D˜eΦαA‖0,0
)2
+ 4
(
〈D˜αβΦβA, KΦαA〉+ 〈D˜αβΦβA, KΦαA〉
)
,
where 〈 , 〉 denotes the natural L2 scalar product of the Dirac spinors. Then by the
Cauchy–Schwarz inequality this yields (5.10).
The inequality in our next lemma is analogous to the Hardy inequality:
Lemma 5.5. Let δ ∈ R and let Σ be an asymptotically hyperboloidal hypersurface for
which the ‘boost parameter function’ W satisfies 1
3
ΛW < 2δ + 1. Then there exists an
open set B ⊂ Σ with compact closure and smooth boundary, and a positive constant c
such that
c‖ΦαA‖0,δ ≤ ‖D˜eΦαA‖0,δ (5.11)
for any ΦαA ∈ H1,δ, supp (ΦαA) ⊂ Σ− B.
Proof. Let Φα = (σA, π¯A
′
) ∈ H1,δ and l ∈ R. Then
|D˜eΦα|2 := −hef
√
2tAA′
((D˜eσA)(D˜f σ¯A′)+ (D˜eπ¯A′)(D˜fπA)
)
= −hef
√
2tAA′
{(
Ω−lD˜e
(
ΩlσA
)− lσAΩ−1DeΩ
)(
Ω−lD˜f
(
Ωlσ¯A
′
)− lσ¯A′Ω−1DfΩ
)
+
(
Ω−lD˜e
(
Ωlπ¯A
′
)− lπ¯A′Ω−1DeΩ
)(
Ω−lD˜f
(
ΩlπA
)− lπAΩ−1DfΩ
)}
= Ω−2l|D˜e
(
ΩlΦα
)|2 + l2Ω−2|DeΩ|2|Φα|2
+lΩ−2l−1
√
2
(
DeΩ
)De
(
Ω2l
(
σAσ¯A
′
+ πAπ¯A
′
))
tAA′ ,
where in the last step we used the expression (4.5) of D˜e in terms ofDe andK. Multiplying
this by Ω−2δ, choosing Φα to be ΦαA (i.e. in H1,δ and such that supp (Φ
α
A) ⊂ Σ − B),
integrating on Σ−B and using that the boundary terms both on ∂B and at infinity give
zero, we obtain
∫
Σ−B
Ω−2δ|D˜eΦαA|2dΣ ≥ −l
∫
Σ−B
Ω−2δ
(
(2δ + 1 + l)Ω−2|DeΩ|2|ΦαA|2
+Ω−1
(
DeD
eΩ
)|ΦαA|2 + Ω−1|DeΩ|√2vaχab(σBσ¯B′ + πBπ¯B′)
)
dΣ.
If, however, B is chosen to be large enough, then by (4.37) and (4.39)
|DeΩ| = Ω|Te| +O(Ω
2), DeD
eΩ =
Ω
|Te|2 +O(Ω
2), vaχab =
1
|Te|
(
1 +
1
3
ΛW
)
vb +O(Ω)
hold on Σ−B in which the corrections to the leading terms are already small, and hence
the sign of these expressions on Σ − B is the sign of their leading term. Taking into
account these asymptotic expressions, and that since supp (ΦαA) ⊂ Σ − B the left hand
side is (‖D˜eΦαA‖0,δ)2, we obtain
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(‖D˜eΦαA‖0,δ)2 ≥ −l
∫
Σ−B
( 1
|Te|2 +O(Ω)
)(
(2δ + 2 + l)|ΦαA|2
+(1 +
1
3
ΛW )
√
2va
(
σAσ¯A
′
+ πAπ¯A
′
))
dΣ.
Since 1
3
ΛW < 2δ + 1, we can always choose l to be negative such that 1
3
ΛW − 1− 2δ <
l < 0. Moreover, since (σAσ¯A
′
+ πAπ¯A
′
) is future pointing and non-spacelike, |ΦαA|2 =√
2tAA′(σ
Aσ¯A
′
+ πAπ¯A
′
) ≥ √2|va(σAσ¯A′ + πAπ¯A′)| holds, and hence we find that
(‖D˜eΦαA‖0,δ)2 ≥ |l|(2δ + 1− |l| − 13ΛmaxS {W}
)
inf
Σ−B
{ 1
|Te|2 +O(Ω)
}(‖ΦαA‖0,δ)2;
i.e. for some positive constant c and for all ΦαA the inequality ‖D˜eΦαA‖0,δ ≥ c‖ΦαA‖0,δ
holds.
Corollary 5.1. Under the conditions of Lemma 5.5 with δ = 0
(√
c2 + 8|K|2 − 2
√
2|K|
)
‖ΦαA‖0,0 ≤
√
2‖D˜αβΦβA‖0,0
holds for any ΦαA ∈ H1,0, supp (ΦαA) ⊂ Σ− B.
Proof. Combining the inequalities of Lemma 5.5 and Lemma 5.4 we find that
c2
(‖ΦαA‖0,0)2 ≤ (‖D˜eΦαA‖0,0)2 ≤ 2
(
‖D˜αβΦβA‖0,0 + 2|K|‖ΦαA‖0,0
)2
− 8|K|2(‖ΦαA‖0,0)2,
which is just the inequality that we wanted to prove.
Hence, on Σ − B, the L2-norm of D˜αβΦβA is bounded from below by the L2-norm of
ΦαA itself.
Corollary 5.2. Under the conditions of Lemma 5.5 with δ = 0 there is a positive constant
c˜ such that
‖ΦαA‖1,0 ≤ c˜‖D˜αβΦβA‖0,0
holds for any ΦαA ∈ H1,0, supp (ΦαA) ⊂ Σ− B.
Proof. By Corollary 5.1 there is a positive constant c1 such that ‖ΦαA‖0,0 ≤ c1‖D˜αβΦβA‖0,0.
Combining this with the inequality of Lemma 5.4, we obtain
(‖D˜eΦαA‖0,0)2 ≤ 2(1 + 4|K|c1)(‖D˜αβΦβA‖0,0)2.
Clearly, for any δ ∈ R the Hs,δ-norms defined with De and with D˜e are equivalent. In
fact, in particular,
(‖Φα‖1,δ)2= (‖Φα‖0,δ)2 + (‖DeΦα‖0,δ)2
≤ (‖Φα‖0,δ)2 + (‖D˜eΦα‖0,δ +
√
3
2
|K|‖Φα‖0,δ
)2
≤ (1 + 3
4
|K|2)
((‖Φα‖0,δ)2 + (‖D˜eΦα‖0,δ)2
)
+
√
3|K|‖D˜eΦα‖0,δ ‖Φα‖0,δ
≤ (1 +
√
3
2
|K|)2
((‖Φα‖0,δ)2 + (‖D˜eΦα‖0,δ)2
)
.
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Hence
(‖ΦαA‖1,0)2≤ (1 +
√
3
2
|K|)2
((‖ΦαA‖0,0)2 + (‖D˜eΦαA‖0,0)2
)
≤ (1 +
√
3
2
|K|)2(c21 + 8|K|c1 + 2)(‖D˜αβΦβA‖0,0)2;
i.e. the inequality of the corollary holds with c˜2 = (1 +
√
3
2
|K|)2(c21 + 8|K|c1 + 2).
The next lemma and its corollary are the adaptation of Theorem 6.2 of [33] to the
present situation:
Lemma 5.6. Let Σ be an asymptotically hyperboloidal hypersurface for which the ‘boost
parameter function’ W satisfies 1
3
ΛW < 1. Then, for any δ′ ≤ 0, there exists a positive
constant C such that
‖Φα‖1,0 ≤ C
(
‖D˜αβΦβ‖0,0 + ‖Φα‖0,δ′
)
(5.12)
holds for any Φα ∈ H1,0.
Proof. Let 0 < a < 1, and Ba := {p ∈ Σ |Ω(p) > a }. Clearly, its closure, Ba, is compact
with smooth boundary. Let β : Σ → [0, 1] be a smooth function such that β(p) = 1
for p ∈ Ba and β(p) = 0 for p ∈ Σ − B 1
2
a; i.e. in particular supp (β) ⊂ B 1
2
a. For any
Φα ∈ H1,0 let us defineΦαB := βΦα and ΦαA := (1 − β)Φα, thebounded (or localized) and
the asymptotic part of Φα, respectively.Clearly, supp (ΦαB) ⊂ B 1
2
a, supp (Φ
α
A) ⊂ Σ − Ba
and
‖Φα‖1,0 ≤ ‖ΦαB‖1,0 + ‖ΦαA‖1,0 (5.13)
hold. We derive the estimate (5.12) for ΦαB and Φ
α
A separately, which by (5.13) yield
(5.12) for Φα.
Since supp (ΦαB) ⊂ B 1
2
a, by (5.7) in Lemma 5.3 there is a positive constant c
′ such
that
‖ΦαB‖H1(B 1
2
a
) ≤ c′
(
‖D˜αβΦβB‖L2(B 1
2
a
) + ‖ΦαB‖L2(B 1
2
a
)
)
. (5.14)
Since supp (ΦαB) ⊂ B 1
2
a, the norm on the left hand side is in fact ‖ΦαB‖1,0. In the first
term on the right we can write
D˜αβΦβB = D˜αβ
(
βΦβ
)
= βD˜αβΦβ +
(
π¯B
′
DB′
Aβ, σBDB
A′β
)
,
and a straightforward calculation shows that the square of the pointwise norm of its
second term is
|(π¯B′DB′Aβ, σBDBA′β)|2 = 1
2
|Deβ|2 |Φα|2.
Thus the first term on the right in (5.14) can be estimated as
‖D˜αβΦβB‖L2(B 1
2
a
)≤‖D˜αβΦβ‖L2(B 1
2
a
) +
1√
2
(∫
B 1
2
a
|Deβ|2|Φα|2dΣ
) 1
2
≤‖D˜αβΦβ‖0,0 + C˜‖Φα‖L2(B 1
2
a
).
44
Here, in the first step we used the triangle inequality and that β ≤ 1, and then, in the
second, we used the notation
√
2C˜ := sup{|Deβ|(p) | p ∈ B 1
2
a }, the Cauchy–Schwarz
inequality and ‖D˜αβΦβ‖L2(B 1
2
a
) ≤ ‖D˜αβΦβ‖0,0 < ∞. Combining this inequality with
(5.14) we find that
‖ΦαB‖1,0 ≤ c′
(
‖D˜αβΦβ‖0,0 + (1 + C˜)‖ΦαB‖L2(B 1
2
a
)
)
. (5.15)
Since Ω−2δ
′ ≤ 1 for δ′ ≤ 0, ‖Φα‖0,δ′ ≤ ‖Φα‖0,0 ≤ ‖Φα‖1,0 < ∞ holds; and hence the
second norm on the right hand side can be estimated as
(‖ΦαB‖L2(B 1
2
a
)
)2≤ (‖Φα‖L2(B 1
2
a
)
)2
=
∫
B 1
2
a
Ω2δ
′
Ω−2δ
′ |Φα|2dΣ
≤ sup{Ω2δ′(p) | p ∈ B 1
2
a }
(‖Φα‖0,δ′)2. (5.16)
Combining this estimate with (5.15) we obtain that there exists a positive constant C1
such that
‖ΦαB‖1,0 ≤ C1
(
‖D˜αβΦβ‖0,0 + ‖Φα‖0,δ′
)
(5.17)
holds.
By Lemma 5.5 and its Corollary 5.2 there exist a small enough a ∈ (0, 1) and a positive
constant c˜ such that
‖ΦαA‖1,0 ≤ c˜‖D˜αβΦβA‖0,0 (5.18)
holds, where supp (ΦαA) ⊂ Σ− B 1
2
a. Since Φ
α
A := (1− β)Φα,
D˜αβΦβA = (1− β)D˜αβΦβ −
(
π¯B
′
DB′
Aβ, σBDB
A′β
)
follows, and hence |D˜αβΦβA| ≤ |D˜αβΦβ| + 1√2 |Deβ| |Φα|. Using supp (β) ⊂ B 12a and the
Cauchy–Schwarz inequality we obtain
(‖D˜αβΦβA‖0,0)2≤
∫
Σ
|D˜αβΦβ|2dΣ +
∫
B 1
2
a
(
|D˜αβΦβ|2C˜|Φα|+ C˜2|Φα|2
)
dΣ
≤ (‖D˜αβΦβ‖0,0)2 + 2C˜‖D˜αβΦβ‖0,0 ‖Φα‖L2(B 1
2
a
) + C˜
2
(‖Φα‖L2(B 1
2
a
)
)2
,
where C˜ has been defined above. But by (5.16) and (5.18) this implies that there exists
a positive constant C2 such that
‖ΦαA‖1,0 ≤ C2
(
‖D˜αβΦβ‖0,0 + ‖Φα‖0,δ′
)
(5.19)
holds. Finally, (5.13), (5.17) and (5.19) yield the estimate (5.12).
Corollary 5.3. Under the conditions of Lemma 5.6 there exists a positive constant C ′
such that
‖Φα‖1,0 ≤ C ′‖D˜αβΦβ‖0,0 (5.20)
for any Φα ∈ (ker D˜)⊥∩H1,0, where (ker D˜)⊥ denotes the orthogonal complement of ker D˜
in L2.
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Proof. Suppose, on the contrary, that for any i ∈ N there exists a spinor field Φαi ∈
(ker D˜)⊥ ∩ H1,0 for which ‖Φαi ‖1,0 > i‖D˜αβΦβi ‖0,0. Then Φˆαi := (‖Φαi ‖1,0)−1Φαi defines a
sequence in (ker D˜)⊥ ∩H1,0 such that ‖Φˆαi ‖1,0 = 1, and hence
1 > i‖D˜αβΦˆβi ‖0,0.
Thus, in particular, the sequence {D˜αβΦˆβi }, i ∈ N, is Cauchy in L2 and converges to zero.
Since {Φˆαi }, i ∈ N, is bounded in H1,0 and by Lemma 5.1 the injection H1,0 → H0,δ′ is
compact for δ′ < 0, there is a subsequence of {Φˆαi }, for the sake of simplicity {Φˆαi } itself,
which is Cauchy in H0,δ′ . Applying (5.12) to Φˆ
α
i − Φˆαj we obtain
‖Φˆαi − Φˆαj ‖1,0 ≤ C
(
‖D˜αβΦˆβi − D˜αβΦˆβj ‖0,0 + ‖Φˆαi − Φˆαj ‖0,δ′
)
;
i.e. {Φˆαi }, i ∈ N, is Cauchy in H1,0. Hence it converges strongly in H1,0 to some Φˆα. Since
the norm ‖ . ‖1,0 : H1,0 → [0,∞) is continuous, ‖Φˆα‖1,0 = limi→∞ ‖Φˆαi ‖1,0 = 1, and by the
continuity of the scalar product Φˆα ∈ (ker D˜)⊥ also holds. Thus Φˆα is a non-zero vector
which does not belong to the kernel of D˜. However, by the continuity of D˜ : H1,0 → L2
and of the norm we have that ‖D˜αβΦˆβ‖0,0 = limi→∞ ‖D˜αβΦˆβi ‖0,0 = 0, which would yield
that Φˆα ∈ ker D˜.
Our last lemma is the so-called elliptic regularity estimate, which is just Lemma A.2
of [9] applied now to Dirac spinors on the asymptotically hyperboloidal Σ:
Lemma 5.7. There exist positive constants C1 and C2 such that for any Φ
α ∈ Hs,0,
s ≥ 1, for which DαβΦβ ∈ Hs,0 is also true, the inequality
‖Φα‖s+1,0 ≤ C1‖DαβΦβ‖s,0 + C2‖Φα‖s,0
holds.
Proof. The proof is a straightforward modification of that of Lemma A.2 of [9]. The
only essential difference between the two proofs is that in the present case we should
use orthonormal dual bases {eai , ϑia}, i = 1, 2, 3, for which the connection 1-form γiej :=
ϑiaDeeaj = ϑiaDeeaj is bounded on the whole Σ. Since Σ is asymptotically hyperboloidal
with bounded intrinsic curvature (see subsection 4.4), such a frame field always exists.
Also, though in the present case Σ is not compact, its intrinsic and extrinsic curvatures
and their finitely many derivatives (up to order (s− 1)) are also bounded.
5.3 The isomorphism theorem for D˜
In subsection 4.6.2 we showed that D˜αβΦβ = 0 does not have any smooth square integrable
solution. First we show that it does not have any solution even in H1,0.
Proposition 5.1. ker D˜ ⊂ H1,0 is empty.
Proof. If Φα ∈ ker D˜ such that Φα ∈ H1,0, then DαβΦβ = −32KΦα ∈ H1,0. Thus by
the elliptic regularity estimate, Lemma 5.7, it follows that Φα belongs to H2,0 too, which
implies that it belongs to H3,0, ... etc; i.e. it belongs to Hs,0 for any s ∈ N. But by the
Sobolev lemma, Lemma 5.2, this implies that Φα is smooth. However, in subsection 4.6.2
we showed that D˜αβΦβ = 0 does not have any smooth square integrable solution, and
hence ker D˜ = ∅.
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We also need the following two propositions:
Proposition 5.2. Under the conditions of Lemma 5.6 Im D˜ ⊂ L2 is a closed subspace.
Proof. Let {χαi }, i ∈ N, be any Cauchy sequence in Im D˜ ⊂ L2. By the previous proposi-
tion there is a uniquely determined sequence {Φαi } in H1,0 such that D˜αβΦβi = χαi . Then
by Corollary 5.3 there is a positive constant C ′ such that ‖Φαi −Φαj ‖1,0 ≤ C ′‖χαi −χαj ‖0,0.
Hence {Φαi } is Cauchy in H1,0, converging to some Φα ∈ H1,0. Since D˜ is continuous,
χαi = D˜αβΦβi → D˜αβΦβ ∈ Im D˜ if i→∞; i.e. Im D˜ ⊂ L2 is a closed subspace.
Proposition 5.3. i D˜ : H1,0 → L2 is self-adjoint.
Proof. To calculate the formal adjoint of D˜ : C∞(Σ,Dα) → C∞(Σ,Dα) (with respect
to the L2-scalar product), let Φ
α = (σA, π¯A
′
) ∈ C∞(Σ,Dα) ∩ L2 and χα = (λA, µ¯A′) ∈
C∞(Σ,Dα) be arbitrary. Then by integration by parts
〈D˜αβΦβ, χα〉 =
∫
Σ
√
2tAA′
((
DAB′ π¯
B′ +
1
2
χtAB′ π¯
B′ +
3
2
KσA
)
λ¯A
′
+
(
DA
′
Bσ
B +
1
2
χtA
′
Bσ
B +
3
2
Kπ¯A
′
)
µA
)
dΣ
=
√
2
∮
S
(
σAtA
A′vA′Bµ
B + π¯A
′
tA′
AvAB′ λ¯
B′
)
dS − 〈Φα, D˜αβχβ〉.
Thus, the formal adjoint D˜∗ : C∞(Σ,Dα) → C∞(Σ,Dα) of D˜ is just −D˜, i.e. i D˜ is
formally self-adjoint. Since Φα is square integrable, its Weyl spinor parts fall off as
o(Ω3/2), and hence to ensure the vanishing of the boundary integral χα should be required
to fall off at least as O(Ω3/2). In fact, since D˜ maps H1,0 into L2, we require χα to be
square integrable, too, i.e. to fall off as o(Ω3/2).
Thus, what we should show is only that the domain
Dom
(D˜∗) := {χα ∈ L2| ∃Ωα ∈ L2 : 〈D˜αβΦβ, χα〉 = 〈Φα,Ωα〉 ∀Φα ∈ H1,0 }
is just H1,0. In fact, since the formal adjoint (iD˜)∗ coincides with iD˜, their (unique)
extension from the space of the smooth square integrable spinor fields to Dom(D˜∗) and
H1,0, respectively, coincide if the domains coincide. Note that Ω
α in the definition of
Dom(D˜∗) is uniquely determined by χα.
Let χα ∈ H1,0. Then 〈iD˜αβΦβ , χα〉 = 〈Φα, iD˜αβχβ〉 for any Φα ∈ H1,0. Thus, for any
χα ∈ H1,0, the spinor field Ωα := iD˜αβχβ ∈ L2 is such that 〈iD˜αβΦβ, χα〉 = 〈Φα,Ωα〉 for
any Φα ∈ H1,0. Hence, H1,0 ⊂ Dom(D˜∗).
Conversely, let χα ∈ Dom(D˜∗). Since H1,0 ⊂ L2 is dense, there exists a sequence {χαi },
i ∈ N, in H1,0 ∩ Dom(D˜∗) such that χαi → χα in the L2-norm. Then for any Φα ∈ H1,0
〈Φα, iD˜αβχβi 〉 = 〈iD˜αβΦβ , χαi 〉 → 〈iD˜αβΦβ, χα〉 when i → ∞. By χα ∈ Dom(D˜∗) and
the definition of Dom(D˜∗) there exists a spinor field Ωα ∈ L2 such that the limit on
the right is 〈iD˜αβΦβ , χα〉 = 〈Φα,Ωα〉. Hence, 〈Φα, iD˜αβχβi − Ωα〉 → 0 if i → ∞ for any
Φα ∈ H1,0. But since H1,0 is dense in L2, this implies 〈Ψα, iD˜αβχβi − Ωα〉 → 0 if i → ∞
for any Ψα ∈ L2. Therefore, iD˜αβχβi → Ωα ∈ L2 in the weak topology of L2. Since
every weakly convergent sequence is bounded, there exist positive constants C1 and C2
such that ‖χαi ‖0,0 ≤ C1 and ‖D˜αβχβi ‖0,0 ≤ C2 holds. Hence {χαi } is bounded in H1,0.
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But every bounded sequence contains a weakly convergent subsequence, i.e. there is a
subsequence {χαik}, k ∈ N, which converges weakly to some χαw ∈ H1,0 ⊂ L2. However,
{χαi } was assumed to converge strongly to χα ∈ Dom(D˜∗) ⊂ L2, the strong and the weak
limits must coincide: χα = χαw ∈ H1,0; i.e. Dom(D˜∗) ⊂ H1,0.
Theorem 5.4. Under the conditions of Lemma 5.6 D˜ : H1,0 → L2 is a topological vector
space isomorphism.
Proof. We saw that D˜ is continuous, and by Proposition 5.1 it is injective. Thus we should
show only that it is surjective, too, because, by the open mapping theorem, any continuous
bijection between two Banach spaces is a topological vector space isomorphism.
Since by Proposition 5.3 iD˜ is self-adjoint, Im D˜ = Im D˜∗ holds, and suppose, on
the contrary, that Im D˜ 6= L2. Since by Proposition 5.2 Im D˜ is closed, this implies that
(Im D˜)⊥, the orthogonal complement of Im D˜ in L2, is not empty. Thus, let χα ∈ (Im D˜)⊥
be a non-zero vector. Since H1,0 ⊂ L2 is dense, there is a sequence {χαi }, i ∈ N, in
H1,0 ∩ (Im D˜)⊥ such that χαi → χα if i→∞. Then, by the self-adjointness of iD˜, for any
Φα ∈ H1,0 we have that 0 = 〈χαi , iD˜αβΦβ〉 = 〈iD˜αβχβi ,Φα〉. Since H1,0 ⊂ L2 is dense, this
implies that χαi ∈ ker D˜ = ∅. However, this yields χαi = 0 for any i ∈ N, and hence that
χα = 0, which is a contradiction.
This completes the proof of the existence and uniqueness of the solution of the renor-
malized Witten equation.
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